
 

Motivation

ofo ategor.es

Quasi categories complete Segal spaces Segal categories marked

simplicial sets

category theory of a categories

Each of these formsa so called A cosmos

This notion allows us to work with minimum ofcombinator

An invariant or synthetic approach

Functors between a cosmos translate some important
categorical properties such as adjunction limits andcolimits

etc



thingy
One of the a categorymodel

Quasi categories complete Segal spaces Segal categories
marked

simplicial sets

Def A quasi category is simplicial set X sit
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Examples 1 Nerves of cats each lift is unique
2 Kan complexes tautological
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7 форме
One can form inner anodynemaps and inner fibration

They form the left and right classesof the weakfactorization
system

These classes are closed under products fullbacks retracts
and composition

An important property

If Х й quasi cat and A simplicial set
ИЁАЗ



Recall thatif we have two variable adjunction
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For thephone product we have
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In particular take set for М Nand Р
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There are extensions above by the loyal's result



PropMoyalThe pushout product of a monomorphic with an inner
analyse map is inner analyse

Sketchofproof
The bifunctor I preserves colimits in each

variable

Due to the small object argument decompose these monomorphisms

into putouts of inner horns

So it suffices to prove the statement for im Ijn where
im для Am

Im Aeon я



By two variable adjuncton one can also prove
has i f ie an inner fibration

Cfb innerfibration

holy g is a trivial fibration

Tanya inner fibration

Corollary If Hesse XEglat X Aeg at

Proof ХА
a Gillian

thanA вотДА
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Corollary If Regent Aki inner horn A ХАЙ
a trivial fibration

Corollary3 The fiber overanypoint is a contractible Kancomplex
that is the space of filler to a given horn in Xia
contractible Kan complex Wedding

contactlesschoices

Theorem like gear where XD reptilianW D I a projectiveofb Weight spannedby quasi
categoriesProof 0 Wis a retract oftransfinitecampofpushoutsofcopraductsof
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As limdx limwx A l.mx
it suffices to prove that

limpld l.IX limDld l.by
is an inner fibration

But

eiPHI.DE CXeP
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eED 1

ЁЖ byniaT.LTwith ends lemma

So we have a map

XdII5O5esDn_monomaphosn2I.By
loyal's theorem it an

quasi catsinner fibration



Illustration for the previous theorem

f 2 qlat.fm f X Y

W NR 2 sSet
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limMH lf.IN thepathspace

By the theorem Nf й a quasi cat



Iliffe asset

fibrand objects are Kan competes
calibrations are monomorphic

loyal model structure on set

Theorem The cofibrationsandf.br ant objects completely determine
a model structure supposing it exists

Proof
We should find the weak equivalences
Weak factorization system 6 Fluvial fibration

ГCofibrations

WFS with the files obi determine the weak equivalences



WFS me a cofferant replacement notion

Ву 2 of 3 а жар I WE сер Ч И WE

Hence it suffices to determine the Wb between cobb objects

Any model category И i saturated that И

a map fin М is WE fi an isomorphism in hМ

Непсе

f A B Й WE HoM B Х H М A Х bijection

р for eachfibrant X
thanks to Yamada lemma

and
Х I RX



So we can suppose that Aand Bare Cotibrant
and apply Quillen's cylinderobjects argument

H М A Х М

f
the left homotopy

Cotibont relation by cylinder
fiberant objectfor А

я
Notation FNIIINGE.IR

free standing isomorphism

У has only two non degen simplices in each dimension

I live 8
as

we have an action
74 IT permutesnon
dy.simpliciaIRPEKIKKHBH.TL z



Bymeans of I we can form a cylinder object

I like a segment

We have the cylinder objects functional

АИА AYIA

lemma The map I is a trivial fibration

Proof 75 I no wok since 710
I I I casket i e Trio called
Aasgruppoidsk.IEI

I I Now use theadjuncton a

SRD Shot cake



Note that Axl I Hence Axl Айа WE

I I
A

Also AWA Axl is mono it is a calibration

Consider the quotient A I by frg
I

Denoteitby.CA My set

A A

ILY IlyaАХУ х ж

it illАЙ



Wehave seen that

f A B I WE B Х A D 4 a bijection

Negaset

maybeserve as definition
of categorical equivalence

Example If fA B I inner fibration fit categorical
equivalence

D IXEqlatXB XAuatriv.fiв
it has a section ХА ХВ
B Х А Х й мушĸе

Уд If B N A D a injective



In the same vein one can prove that

the trivial fibration are categorised equivalences

Theorem loyal 7 a leftproper cofib.ge monoidalmodel
structure on set

foamobjects are quasi categories
Cofibrations are monomorphic
WE are categorical equivalences

tЕЗОД

Remark There exists a set of generating trivial cofibrati.am but
no explicit description is known



FritoTheorem h Set Cat N i a Quillen adjuncton
I T

loyal'smodelstructure folkmodel structure

Recall
thfkmgffaeh.tnof categories

calibrations infiltrations A BE Cat
A B У

Proofoftheorem
A A
S

h sends manos to functors that are injective
It

on objects И

It remains to prove that Npreserves fikatiomf.IR
Nfl is fully faithful as E LN idea is an isomorphism

Nf sends isofibrations.in Cat to 7
а



Also N sends functors to an inner fibration
So byHal's result NG preserves fibration A

Corollary 1 If f X Y й a categorical equivalence then

hfihx shY.ua equivalenceof categories
2 And vice versa ifFib ianequiv.ofcats then

NF Nb ND is a categorical equivalence

Proof By the theorem above and Ken Brown's lemma 4



tстраны

4Ыofttwadет14тяляд
U

totalisator удftwrЫТ
Нет ЖЕ С WEа
So Quillen's model structure is a left Bousfield localization

of loyal's one
As a consequence WE between Kan complexes is a categorical
equivalence Moreover it is an equivalenceof quasi rategorisр

it is not true in general d I M 2 I



Царрудраш
We wanna form a ham space between vertices X y EX

It would be cool if ham space was a quasi category
I

There is a quasi category Х whose n simplices are

DX A Х

Consider the pullback
Ham lay xD

Fib as a pullback
р f

Fib in loyal'smodelstructure

of Fib

То
Xxx уж



An n simplex of them lay it a map Ax A X sit

Im МЫ is degenerate at х

Im 5 113 й degenerate at у

1 simplices
х
f
у

1 1
нах 7 Homely

A more efficient construction Homily
0 simplices are 1 simplices in X
1 simplices are 2 simplicesofthe form

Ей



N simplices are n 1 simplices

entanglementХ

Hof x y it defined dually

Hotly Hamley 17,04

Theorem These models for the hom space are categorically equivalent

N simplex in them lay or in themI K yl aregivenbythe
diagramsA D B D

I and I
ALIBI ICE AUNTIE CR
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The shape of и simplex in Нет 197
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We have canonical maps

CLI CLICK 7,3 ask.it

quotientsof the
unique retractionУ

iiiCi CG.CI Essel

Же target of these cosine objects IIT 12,91 10,1

И the category 0Ч set Set
в Set

quan category Х with chosen
vertices 47

So them 47 set CI Х
Hom x y stern Cle Х
HOME X y Set CI Х



Lemma CI Cj and Cay are Reedy colibrand
Proof
Use the following fact

If a complicit object Xi unaugmentable then

1 X Х
И a monomorphic

Recall that a corimplicialobjectianunaugmentable.it

91 ХЁ х4 the initial object

In our case for Cj

Gtd get as thetopand the bottomofHence eligible Planitiaobject in Set F



Proposition The canonical maps

G G ĸ
are pointwise categorical equivalences

SketchofproofFrom some combinatorial work one can obtain that the natural

maps
СУ 8 Cge I and CI I

are categorical equivalences
а

Nowprove the theorem

Define for A XEssen their mapping space

hall Х ХА la b and lay are

у
s Ix basepoints

Ts xD



If X is a quasi cat the functor

Ха sett set

й right Quillen with respectto loyal's model structure

Given A B in Set

LIMITГала
армия нам

ДЁРУ
host X й a pullback of X it defines a rightQuillenfunctor

host X set set



Nowconsider C A set

Mahal X Elmi х them colic NIKITIN

If C й Reedy cofibnant.tkmaps 1 C are calibrations

Hence the maps
had Х to 1 c X I Mutate х

are fibration

So to C Х й Reedy fluent with respect to the loyalmodel
structure

We have pointwise equivalency between Reedy fibrand objects

take Х hal.ge X hall
But Reedy fibrant objects are pointwise fi brant I



The rest of proof follows from the

Lemma J f X Y WE between Rudy fibrand bisimplicialsets
Then theassociatedmap of limp sets

X ь Y о
obtained by taking vertices pointwise is a WE

Proofoflemma

By Ken Brown's Lemma it suffices to prove that if
f X Y

is a Reedy trivial fibration of Reedy fibr.bisimpl.se then

Xp Y о

is an equivalence



We will prove that X You a trivial fibration

fi a Reedy trivial fibration X YIMnxis.inSet
It follows that

4 IEludetmall.ie
a

suyectioninset.MXд15 Х В by the definition of matching object

Taking vertices pointwise commutes with the weight limit as

limits commute with limits

ByYoneda lemma from thesurjectivety we have a solution of a
liftingproblemдр Х о

а15Ч



thankyou


