

















































































Representable Comme
a Categories

Model Independence
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7Taking id morphisms we will have
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Recall the following weak universal properties
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If Given С 9 AIB
The comma category Ham fgcxbilftplesentabk.itЭ 1 B С sit

Hama f g Iptomele
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fright representable if 77 C B Sit
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Old got them Ifg is right representable
I

д C А admits an absolute right lifting along f B А

Tff
СТА



Three stagetoothless
The 1st result characterizes those III thatdefineabsolute right lifting diagrams between comma a categories

as those that induce

Нот B 2

Е над If g

The 2nd result no natural transformation

9 А g
need be provided

The 3rd most general result a criterion to construct a right
representation to them f g without a priori specifyingfunctor I
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Prof Suppose that r g defines an absolute right
lifting of g through f

Recall the univ propertyof an ARL Iit
Я в х I в

y и It Itс
7

А

Apply it to the comma cone under them fg
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the equality
1 cell induction A from the
applying to 3 conditionsof the

theorem

Now the functor yz them fig Homa fg factors the
comma cone for Hamp f g through itself

So YZEBidramplf.gl



It remains to show that 77 F idiom 13ч
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It follows that 477 4 from the univ prop of ARD
77 idiom IB n



So we have shown that Hom 18 Ч
Idiom If g

Suppose that the functor y them 113,41 Hauffg
И a fiber equivalence over В
Prove that 7g is an absolute rightlifting ofg thought

By uniqueness property of сотта я categories

the natural

transfer
inherits the weakwww.prop

of а comma cone from Homa f g



Also we have
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ЕЁ тем
4 is a right comma cone

V 2 cell on the right side produces a 2 cell on the

left by pasting with g we have the univ prop of
absolute right lifting

diagrams



Corollarythecondition functor f A B between a cats beingfully
faithful is equivalent to each of the items

1 A

ЙЕ Est
f

The id defines an absolute right
lifting diagram

ĸ ĸ left
lifting diagram

Ciii I a cat X the inducedfunctor
hFunk A hFunk B

is a fully faithful functor of 1 cats
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Hanif
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Proof вionelу lil it are equivalent with nil
i Iii are equivalent with in by the previous theorem И



Corollary Cosmological functors preserve absolute lifting
diagrams

Prof Let F K shbeacom.fm
together with
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By the theorem this flaredequivalence
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Moreover д is an ales right lift g A T
ofg through f y y an equivalence wehave proved it



Corollary Given At there are bijection

Норд B them B f

I It
tht

надув
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They are constructed by pasting with the left right comma cone
over gf resp
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The next theorem allows us to recognize when a comma

a cat is right representable imfternind
reprisingfunctor
It spcialigestogi.ve existence theoremsfor adjointfunctors
for a limits

there Hama fg associated to a copan СД В

is right representable 75 azighdi ightinverse
7leftali.IE is invertible

The mat transfer
encoded by the functor

them
A G poi C B defines

i C Houltg It Хд
therepresentingfunctor
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att iean absoluterightliftingdiagram
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Apply the first theorem Hampton tmall.gs
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fall I арив

Prat Filed equivalences can be pulled back

So pullback along 19 А xD

feta fl А
КЁВЫ

Its B
я



Idioms
Mlimisviacommas.VEknow that adjunctons can be encoded via isomorphisms

of commas

Also it is true for a limits

Def the a cat of cones
Given an I indexed diagram d 1 A in an cat

A the a cat of cones overd

p
them lad p D A A

I I A is constructed by

applying thebifurcate
d A

7A ю I to 1 11



From the first main theorem we get

top 1 1 A defines a limit for a diagram

d 1 A 7 a fibend equivalence

Ham в 7 them D d

Кур
Prof Recallby def

lind is the limit of a diagram d I A

П

Itg is an absolute right lifting diagram4 а



trop 6 limits represent cones Afamilyof diagrams d D A
admits a limit es them

a
D d is rightpresentable

Hamas D d I Thoma A 1
DXA

I D A defines the limit functor

Rally I calm D A them ld D is leftreps

Hamp a D I Hama с A
AXD

с D A defines the colimit functor



trop_ limits are terminal cones Adiagram d 1 A'in an cat

A
i admits alim E them D d admits a terminal element

Gil admits a colin es them a D admits an initial element



Idgaf basically

Any categorical property that can be captured by
the existence of a filled equivalence between comma

cats is

independent
preserved by any cosmologicalfunctor

reflected by those that define WE of
х сотой



DARIA cosmological functor is a simplicial

functor between a comet that preserves the classof
isofibrations terminaldjectI.cotensorsAYsset

Г
an objectof ios

Also it preserves WE Filth

A cosmological functor F K 1 induces a

2 functor
E hof K 12

six is



trop_ F K 1 induces F K 12 that

preserves adjunctons equivalences Йofibrations trivial fibration

groupondal objects products comma objects

Prof Any 2 functor preserves adj begun

Isafbatons are preserved by the def of.com
functors

Fifth Isofile A Equi Fib are preservedaswell

Ей grouperdal ES EIGER is in Filth
TRecall groupondal objects in an a coma К
lil Ei groupondal iii txt К Funk E Yakanстрах5 V2 cell with codomain E www.IKKVIELEI in Fitr J



Ti n obviously by def
n Til by loyal
M Fun X E

I Fun X E
2 is in Fib V X

Say on vertices V1 simplex in Fun X E Й an 40

And we have iii

Hii n 2 I is a weak homotopy equi

Preservation of commas by def of commas

by uniquenessofcommas
я



Def Weak equivalencesof a commit
F K I и WE when it is

a surjective on objects up to equivalence

VXELJAEKS.t.FI EXEL

b a local equivalenceof quasi categories

Fun A B I Fun FA FB an equi of
VA B EK quasi cats



trop If F is a WEof a coma then E

G defines a begin F K 12
Eri say on of ham A B Isham FAFB

КА ВЕК
A ham A B Isham FA FB

induces a bijection on isomorphism classesof objects

Kii preserves reflects groupondal objects

A E K I grapoidal sFA.EE is so

N preserves reflects equivalences

A I B E K G FAI FB EL



A preserves reflects comma objects

given E Cx В CIA В in К

then

EI Haft g FEI Hom Ff G
СХВ

FCHomalf.gl
FCXFB

Proof i iii are obvious

The preservation halves of 4 oil was proud in

the previous prop

The reflection part of n Ni is obvious 1



theo model independence ofbasiccategory theory I
The following notions are preserved reflectedby any
WE of a coma

lil the adjoins БЕА
n The existence of left right adj.to И A B

Iii The question ofwhether a given element
l 1 A

defines a limit or a colima for a diagram d 1 A

N The existence of a limit or a column for a T induced

diagram d I A in an a cat А

Prof these notions can be expressed via commas а
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