
 

SimplicialEateries

Homotopy Coherence



Howtoproducequasi categories

Theansweris bymeansoftheadjunction
A 32 homotopycoherentnew

Гthefunctorproducing
simplicial categories

Theaimeofthistalk is to
introducesuch

functors



Recall simplicialfunctors

Asimplicialfunctor F G D consistsof
functors En b D foreachn that
commutewith thesimplicialoperatorfunctors

Example Consider a simplicialfunctor

F Е Sf
foreach ref wespecify Fx togetherwithamap
A xfa fy.tn simplexinGlay S tthefacesanddegenof Ix Fa Fycorrespondtotheong.of.tk



Recall simplicialnaturaltransformations

FG Е Д
isgivenbyarrows intheunderlyingcategoryofД
foreachobjectofЕ St 9 cD Fx G v6

2 form a naturaltransformationsbetween526
8.6 ED Foe G shouldform E 61
8.5Kx SS G EDIN G ж E G
theimagesofthedeundertheuniquedegeneracy
operator n o formanaturaltransformation

Fn G



Somenaturalfractals
Considerfunctors

СSet Set constant functor

Toset Set homotopyfunctor
Woset Set underlyingcategoryfunctor

Thesefunctorsaremonoidal

SotheyinducedthefunctorsCx D and b
betweenenrichedcategories



Somenaturalfractals

C C fat MEeatofsimplicialcatscatofsmallcats
Т П Cats Cat

И ей Cat Cat

Wejustapply thefunctors c Toandev.to
hamobjectof thecorrespondingcategories



WearEquivalencesbetweensimplicialcats

Definition Asimplicialfunctor F G D between
simplicialenrichedcats йcalledaweakequi
if it induces
WEonall hemsimplicialsets
weaklyfullyfaithful

anessentiallysurjectivefunctor

Тв П D
weaklyessentially surjective



Simplicialcatsandsimplicialobjects

Anysimplicialcat E givesriseto asimplicial
object6.11 Cat inCat

вейв
Eachofcatbnhasthesameobjectsas E
Define вру ЕДУ n
i e arrowsin b are n simplicesin Е x y
Inparticular b й theunderlying catof E



Simplicialcatsandsimplicialobjects

Converselyanysimplicialobject b 89 Catsit

diibrsbns.si 67 bats
aretheidentityon objects

Define
guy tobe вMY

Thesimplicialactionwillbespecifiedbytheuseof
functors diandSi



Topological vs simplicialcategories

Wehavethefollowing laxmonoidalQuillenadjuncton

set II Тор
It induceswith the laxmonoidallocalizationfuneral

h set the set hTop НоTop

the changeofbaseadjuncton
Catzisthecategory

Н Hisses Gt r ofsmallcategories
enrichedoverhomotopy

types



LocallyKansimplicialcategories Bergner'smodelstructure

Definition Asimplicialcategory is locallyKan if
eachofitsвотspace й a Kancomplex

Thereй a cofibrant.lygeneratedmodelstructureonscat

WE simplicialfunctorsthatdescendtoНequivalences

Fillanobjects locallyKansimplicialcategories
Generatingcalibrations

aauamagj.ITHomspaces 21A 0,0 247311,1 2410,4А



LocallyKansimplicialcategories Bergner'smodelstructure

TheoremBergner Эacofib.gen.mudstructonscat
whoseWEare F E D S.t
bF ht he is an 7 equine
fibrandobjectsarethelocallyKansimpl.ca
andwhosecoffeearegeneratedby

10 342051 211



Cofferantsimplicialcats simplicialcomputed

An narrow f a b inbn i justan n simplex
inthesimplicialsetEla b forsimplicialcat E
ByEilenbergSilberlemmaanynsimpler

wesay f f taicng cm.uaфГfhasdimensionm wn degen.mnarrow



Cofferantsimplicialcats simplicialcomputed

Definition Anarrowin an unenrichedcat'reatomic
if it admitsnonon trivialfactorization

Definition AcatИfreelygeneratedbya reflexive
directedgraphifeachofitsarrowmaybe
uniquelyexpressedasacompositeofatomicarrows



Cofferantsimplicialcats simplicialcomputed

Definition Asimplicialcat 6 89 CatЙa
Simplicialcomputed if
eachbnis freelygenerated

foreachsurfaction 2 n G and
atomicarrowfelonthearrow

f a it atomic in в



Cofferantsimplicialcats simplicialcomputed

Аsimplicialcomputedй a simplicialobjectinCat
eachofwhosecategoriesй freelygeneratedon aset
ofgeneratingarrowsthatincludesthedegenerate
imagesofall lowerdimensionalgenerators

ну

ЁБ 0
nonon degeneratesimplicesindimensionso



Cofferantsimplicialcats simplicialcomputed

LemmaThesimplicialcomputedarethecellularcofibr.am
objects inscat
Furthermoreeverycofibrantobject.iecellularand
hencea simplicialcomputed

Proof ProvethatanycofferantsimplicialcategoryИ
asimplicialcomputed
Checkthataretractofasimplicialcomputedisa
simplicialcomputed

Cat



Ст

A чтая В в Bin offreecategory
is afreecategory
Thisis it sinceith fgandanytwooftheseareinB
soisthethird

Byinductionanyarrowin B isuniquelydecomparable
intotheshortestcompositesofatomicarrowsoffthatlie
So ateachlevelaretractofsimplicialcomputedis a
freecategory



Nowprovethatthedegenerateimagesofatomic
arrows in Bn areatomicinBats
ThisisclearforatomicarrowsinRnthatarealso
atomicinbn
Suppose thata degenerateimageofsomeatomicarrow
inBnfactors as gf inButt
в й singecomputed wehavegiftinbn
withgrog first



Applyoneofthefacemapsthatservesasaretraction

ofthedegeneracy us eithergolfmustmaptoan
identity inBn
Sooneof g or f it an identity A



Аfreeforgetful
agmctionfirDirbpht

Cat.TT
reflexivedirected

graphs

Wehave thecanonadresolutionassociatedtoasmallfat
EFFY

FERTILEFEFEI FYFFE
a ЕЕЕЕЕ

ТТА
FEET



Notethatthiscoronal resolution is a simplicial
computed FА

Hence it is a cotillardsimplicialcategoryby
thelemma

FEA is thefreecategory above

4th 1 ageneralarrowin FА

ftp anatomicarrowin FEA

ЕЙ м



ТЕСТ First
51

composearrowsandremove
theseparenthesis

ЕЕ Fit T I
composearrowsandremove

theseparenthesis



FLEEINGFYI doubleuptheparenthesis
thatarecontainedin
exactly kothers

F ЙFIE insert parenthesisabound
eachindividualmorphism

Recallthemaintaskofthisactivity is tomotivate
thecorrect choiceof an adjuncton

Sat scat



A naiveway toconstruct

Anaive choicefor 15 A scat

n adiscretesimplicialcategory

But therightadjoint will beanordinarynerve

1 is supposed tobe a simplicialcategorythat
encodes a homotopycoherent diagramofshapeG



А homotopycommutativediagrams

Definition Ahomotopycommutativediagramofshape

imaрofreflexive
directedgraphs

ТА ЕЕ
that defines afunctor

A вв
Adiagram F VA V6 is homotopycommutative
ifwhenever h fg inA FhandFgFf lie inthesamepathcomponent oftheham space



com

A homotopycommutativediagrams

When в i locallyKanthisИ thecasewhen
з 1 simplices

ph fg.tt
FgFf th



А homotopy coherentdiagram

Definition AhomotopycoherentdiagramofshapeA
U a simplicialfunctor

FA E

BymeansofthemapБАДТЕТА
Onecanconstructthehomotopycommutativediagram

БАДЕНАДЕЙЧА Е



homotopycoherent natural transform

Definition Ahom.coknat.tl И a homotopycoherent
diagramofshape

Ах 2
ie a simplicialfunctor

F Ах2 E



Themainmotivationwas

Given acommutativediagram F А E
Is itpossibletoform anewdiagraminwhich
eachobject is replacedbya specifiedhomotopy
equivalentone

Given a F G is it possibletoreplacemaps
on withhomotopieo.net
Theanswer is no ingeneralbut



Themainmotivationwas

PropositionGordiePotted Givenahomotopy
coherentdiagram F A E in a locallyKan
simplicialcategoryandafamilyofhomotopy
equivalences

Fa Ga
Thisdataextendsto a homotopycoherentdiagram

G A E
andhomotopycoherentmap

F G



А fruitfulexample
Considerthecategory 33

Describethe
011 в 213 homspace

in Fb о3

Theverticesof IV 3 03 are thepathsofedges

mom 3 3Toobtain the 1 simplicesoneshouldwrite one



А fruitfulexample
Thenondegenerate simplices fit intothediagram

06

Chifleyhihat
Question Whatdoes IV 3 0,3look like



Thedesireddefinitionof I
Definition HIM FV.li
Thatis Elon is ahomotopycoherentdiagram
ofshape n
LemmaThecatCatsadmitsallsmallcolimitsHence
thereexists auniqueclinic preservingfunctor

2 3 set Catwhichsends 5 to228 alreadydefined
DConsider an appropriate leftKanextension A



Anotherdefinitionof E
Definition let I bea finitenonemptylinearly
orderedsetand let i j beelementsof thisset

Pig tell ijetandkeIsikw.iePigconsistsofall subsetsof Li8 EIwhich
contain Iandз

Pig is aposet



Anotherdefinitionof E
For isjsk.in I thereis a canonicalmapof

poses
Pig Pjĸ Руĸ

I I I UI

Definition Objectsof ELI theelementsofI

thmgglij.tl if
i j

Pig I TEJ
Compositionisdefined via thepreviousobservation



Somesimpleproperties

ANI NIPan I I P EPari
For it j thesimplicialsetthmgijl.rs
contractible

Thereis auniqueisomorphism
HELM 1

Whichisidentityonobjects

Byadjuncion.gg It WEof
simplicialcats



Non propertiesof I

Йdoesnotpreserveproducts

ThespaceEbay areessentiallyneverKan
complexesor evenquasicategories



Thehomotopycoherentnerve

DefinitionLetвbeasimplicialenrichedcategory
Thenits simplicialnerve orthehomotopycoherent
nerve isthesimplicialset

К b n нам
с 14153 6

If в is an ordinarycat
N b IHkfaconstantenrichты

DKKbn Нота215 с6ЕнотаНЕТ b
Homcat 4 b 1 a A



Anadjunctand a Quillenequivalence
Theorem Thepair Rforms aQuillen
equivalencebetween loyal'smodelstructure

forquasicategoriesand Bergner'smodelstructure
forsimplicialcategories
SothehomotopycoherentnerveofalocallyKan
simplicialcategory is aquasicategory

Kasourceofexamples



Anadjunctand a Quillenequivalence

courtМТЕРЕЙНУ
is a categoricalequivalence theinduced

functor
фу LILY

is anequivalenceof Н categories



Somefruitfulresults on It R
TheoremLetAbeanysmallcatThen

RNAI FU.А
Theorem If E is a locallyKansimplicialcatthen

RE is a quasicat
ExampleFora simplicialmodalcatМWehavea
rightQuillenbifunctor.MY M sSet

ThecategoryManis locallyKan
S RMaristhequasi catandKREELM



Theoriginal motivationbyBoardman
Vogt

Homotopycoherentdiagramsand
naturaltransformationsassembleinto aquasicat

Thiswas anexample thatmotivatedtheoriginal
motivationbyBoardman Vogt

Ismallcat Aand tlocallyKansimplicialcatE
INLAND Е ann simplex

ofsomesingeVertices homotopycoherentdiagramsA E set
Edges homotopycoherentnaturalthanetbetweenA E



Theoriginal motivationbyBoardman
Vogt

Byadjunct n simplicesare
МАХА НЕ
лах я

Onceagain byadjuncton thensimpleareisoto
А ЖЕЖ

SobyKaneda oursimplicialset isisomorphicto

Й афаны it isaquasi
cat



Дуа


