
 

Санта х cat



Motivation
Universal properties of Klimt adjunctive

мы

by meansofcones by means of
bijectionbetween
some hem sets

Present the equivalent definitions in terms of comma
х cats

Comma a cats will be preservedby functors of cami



Motivation

Encoding limits colimits adjunctons as equivalences
between comma a cats ones are preserved reflected
created by weak equivanes of a сотой

As a consequence these notions are invariant under changeofmodels
between quasi cats completeSegal spaces Segal cats and naturallymarked

simplicial sets



Retrace going find
Q quasi cat

Then its homotopy cat ha has

elements of Q as its objects

homotopy classes of 1 simplices of Q as its arrows

ду
Э 2 simplex with theouteredge

being degenerate

йa composition relation д

II gf h.in ва



Let I 61 a 1 cat

In general
LO На

But it is so when I is a set

h Q homotopy coherent dinars of shape I in Q

в d homotopy coherent diagrams

A canonical comparison functor

10 На
Q х I Q Isha us transpose



In particular I TENGRI 9

Д
Semi The canonical functor

110 НА
is smothering meaning that it И

Surjective on objects

рм
conservative i e reflects invert bili try ofmorphisms

but not necessarily injective nor faithful



Once again Tats
DIC smothering functor A functor f A B

is smothering it has the right lifting property with

respect to the set of functors

1 1
11.2

E
1 NIP ZING_ INTI



whiny file Each fiber of a smothering
funeral is a nonempty connectedgrouped

f A B smothering

Ае A

I I
17 В

tem I 1 eat free on a reflexive directedgraph
Q фай cat

Then
10 10

Й smothering



t Let p be an dilation Ittf

A I E E

1 I
А

g
В

The canonical functor

h AВ E
LA x LE
LB

И smothering



ten For any tower of isolation between quasi cats

Ер Енр ЕЩЕ E

the functor

htt En light
is smothering

tem I copan CIA tf between quasi cats

Над f g А
у flood dam

Сх в
g

Аха

The functor hthomaff.gl Hamsa hf.bg is smothering



These smothering functors express weak universal

properties of arrow pullback comma constructions in

the homotopy 2 cat of any a cosmos



egoism
The previous constructions motivate the following ones

An element of an a cat a 1 A
the vertices of

totalgqan.cat
DI arrow a eat Let A be an х cat

The a cat of arrows in A is together with the

isolation
A AMIR фш Аха

inducedby 016811 0162 1 142



The a cat comes with a canonical 2 cell

tem generic arrow I a cat A the a cat of arrows

At comes equipped with a canonical 2 cell

thegeneric arrow with
A At codomain A

Prat Fun Х At I Fun Х A 2 a strict universalм

simplicial cotensor property of A 2By the Tanda lemma A I encodedby the image of identity
lid F A

tagged
at the reps of

it represents
a 1 simplex in Fun A A a 2 all k



What about a 2 all k

Verify that source target of k are the domain evaluation
and codomain evaluation

functors

Fun Х А Funk A

ftp.t Glad dam

Funk АХА Fam Х A Funk A

А II A ха Fun X Aft Funk A FunkA
From the commutative ofthe square we are done A



By the Tanda lemma again

hFun X K hfunk.AT
This is not a hat Io nor a mat equivalence of cats

However

Top theweak universal property of the arrow a cat

The generic arrow Alt has a weak win prop in the

Ps homotopy 2 catgivenby

Ender х
х

3 operations

Given а this

hen ЭТ X A sit

p.to t pi2 aki2 А



Hi 2cellinduction.Givenfuncdsa.at X
natural transformations т To Sit

22 T2 I T
Ёй Ёй

Э a natural transformation т a a

pet is pot то

itinerary I natural transformation

хддд if both pre pot in
then t is is too



Prof Let Q Fun X A in the setting of

102 hQT to be smothering

him Ш Ё hFunk A

Psa to flood dam

h Funk A х h Fun Х A
112

LFunk А A

We have a smothering functor over the cat him Х АxD

Surjective on objects 1 cell induction fullness 2 cellinduction

conservation tyres 2 cell conservative A



The functors 12 X are not unique

ГРА
However they are unique up to flared isomorphisms



Ire Whiskerng with Ata induces

11
a bijection

ЁН ЕН

НЕ
рThe fiber isomorphisms are givenby

invertible 2 cells mm

Х modulo the
flared

isomorphismsAfif

st.pg idfp.is



Prof The fibers of the smothering functor
html Й hFunkАД
Psa to flooddam

hFunkA х hFun ХA

are connected groupies

The objects ofthe fiber over TEA are functors

Х A sit Atta
whispering this thisThemorphisms invertible 2 cells that

whisker with p p A 2 Ax A to the identity2 all
Idt idsThe action of the smotheringfunctordefines a bijection beta theali

its codomain their coven fibers



Eigenstate
Dell fibored equivalence Afibored equivalence over an a cat

В in an a cosmos K I an equivalence

Е F

в EEF
in the sliced a cosmos Ky

trop_ uniquenessof arrow a cats Hisfibration
les e E A xD fired equivalent to Ipsp ALAXA

the 2 all ETEA encoded by the equivalence
esCESARsatisfies the weak universal prop Andconversely



theater
Consider a copan A B G ordinary

GIA В categories

Objects of glf are triples C B L high 118

22 a morphism in A

Morphisms of glf are pairs sasd.si C С ER
SIB B EBI

дамам
ht у

15,5 sis
siogsiodflBIsflbiidce.ph lidc idB



Equivalently If
1 2

411 ftp glBD6xB

AxA1sasg hstgxf

gxf sns Galilei

А4



Тесоттасоннистий сот

Def сотта х cat Let CIA В be a diagram of
categories in anouk The comma a cat Hom f g

Ад Назад
4

and Инн
Схв

g
АХА

The top horizontal functor represents а 2 cell

ЁЖ наматемй
Af By construction themap

in the homotopy 2 cat К 11 p fly CxBian isolation



Катрд The a cat of arrows is a special case of the
comma construction

A A A the identity span
Idlib А
у
3 iddid А

1
АхА АХА

So the generic arrow of the a cat of arrows can be regarded
as а сотта соĸе

A
I 9

A Ер
А



7ofisofibrati.RU
backs have weak 2 dim universal property

It can be wed to prove that equivalences pull back along

Iofbatons to equivalences

In turn it gives the equivalence invariance of pullbacks.in
an a cosmos



trop_ theweak universal propertyofthe pullback
А ХЕ ЖЕ

at К
А 7

В

1 1 cellinductioni.ae comment square over the copan factors
uniquely

ЁП

I Р



2

cellinductoniTIE
Ea.lt

A П
НУ A B

f
Given functors x 2 X ABE nat.trnsf 2 ge get

Е да даS t.PE fa there exists a rat Manet

T х I S t.gr OGEE
Ciii 2 cell.com ativityjYxfAgEifbothqt
gt are in then t is an Ito



Prof Consider the pullbackdiagram ofquasi cats
Fun Х АВ Е

Fun Х E

at рр
Funk A

f
Funk B

Apply the fact that the canonical functor

HABE haight
is smothering for any pullback diagram ofquasi cats of theform
AXE E So apply it to the our case

I It him XAbel him XA x h Funk Ei У smattering
hFunk B



trap In any a cosmos the pullbackof an equivalence И
an equivalence i e a cosmos are right proper

F I Е

И К
A I В

Ire Pullback is an equine invariant construction in any a comes

С А 13

I Ip ta
ё I B
I T

C B T
I B и again an equivalence



Hence P A I equivalentPrat IIIA to the тард2 of It 1 И С ВР B В

тёт IЁ р It
Brown'sfactorization

used
By rightproperties the pullback of P A alongfisequiv.to
the pullback ofg C A along f and similarly for thelower

mapsSo It suffices to consider
С ДАЕВ
К It И

ГГ ТБВ



C IB B
They are pullbacksquares

с Aftp.so thebacksquare is as
well

I I и
Itt С в с в

is the pullback
I of the equivalence9

along an infiltration
я



trap_ maps between commas A commutative diagram

СДАЕВ КАК
fggtr.gg

А

у у induces

ppg МЫcДЖЕБ
Ix в 725

If pig and I are all infiltrations all trivial libations or all
equivalences then the induced map is again an isolation
trivial fibration on equivalence resp

Prof Сх в яд хадж A2 the Leibnitz tensor

I pxpft.jpot1t1azwithpExBAxI I



Джа с ДА В

22 pf.jo in a cat of fi brant objects
б

ЕПТ
В

If Ч and 7 B A 5 are bohtriv.fib a fib
the induced pullback maps is again a triv.fi b or fit resp

Ей сд в
в

of7 1 Iifa

Iof ч merit



So by the lemma we are done in the case of fib.andtrir.fiв

For equivalences note that их a pxp plan as well

Сх В Is АХА МР АХ

ар фру I
ЁБ ТТТ I

By the pullback invariance we get an equivalence between

the fullbacks 1



Crop_ the weak universal propertyof the comma
a category

The comma cone

gif has a weak universal

property in the homotopyЁ Ей В 2 category given by

g A
4 3 operations

1 1 cell induction
Ттт X

IiЕЁ
LEIAА4

there exists a functor A X gtf s.t.b p.ro c p58o 42



n 2 cellinductionibivena.at X Half g and
mat transl I and T S t

a
TO У

glftglf.IE

Бррр
НУ

It

there exists a natural transformation T a a

s.t.PEI pot то i e



Да
gtf E g

F a

gtf
11Дсв с

у f а

gtf E да ду
ДСК в



а

Gii 2

cellcajativityjtxyglfifptlp.ttare Iso then tis so

Prof Apply the cosmological functor

Fun X К Qa

to gtff.AZ
ftp.t ftp

cxBgIAxAfunctosWewillhaveFun
X Homalgf than Fun Filial 4 Fun ХAF

iii Нн
FunLAC Fun A B FunkAXENA

Funky FunAfl



Now by thestandard technique we get a smotheringfunctor

over h Fun Х с xD

hfunkflhfmk.glhFun X them 189 then
him Х A

flood damPathan c xhtml B A

The functors 12 X thoughtg induced by a fixed hattransl

I TB are unique up
to fiberedioaer.CI В

а



trop_ 1 cell induction is unique up to isomorphism

Х whispering

и

ш

ВЁ

мама it

If
thefiberedfXTBwisomoph.ms

Iijima

pride Ту
ду I

i e any two 1 cells a a X fly over a weak commaobject
that are induced by the same comma cone of в gear
Цоторвё over С В



Prof Oneway fibresof smothering
functors are connected

groupies

Directly
х

я
с ЁЁТЁТ

Да А



We know that

i

тAFEIgttgIFEIg.tt
Дед АсТ

Eight Ёж
х 4,3

с МВД да

Щфдыра с

11
ЕЁ



So by 2 cell induction Эт

Х

24 feta y a bit
gtf gtf gtfglf glf 9tt

ДРДВА рр Icts
В

pot id pet id a

By 2 all conservatively TITLE
Thaba is in



As in the case of arrow categories
С 9 А В

Ytl

induces a map between comma a categories functional

upto flared
Нота fig Homa f g isomorphism

I I 73 min

I a I
IIЁТ

ЙЕП g IF



Remappingspace
Comma a cats can be used todefine the internal mapping

spaces

Def the mapping space between two elements

7 1 A of an a cat is у 2х Нота 47
the comma a cat

Нота ту Is A2

kid Lipan

Iqs Аха



Crop_ mapping spaces are discrete
For any pair of elements x y 1 A of an a cat

A the mapping space Hamp x y isdiscrete
И AXE К
Fun X tonally ia Kan

II We must show complex

вFun Х Нота Иу й а grouped FX

А
Х Item ржу ie invertible if tangy

й an invertible

1Удар
2 на

by 2 cell conservative

But this composite is id since 14 2 terminal И



Prep uniqueness of comma a cats

Inflation es e E CB that i filed equivalent
to them fg Cx В the 2 all

E
1

С В

ЕЕ
encoded by e Et Hama fg satisfies the weakuniversal

property of the comma
Conversely if Ida d D СВ a cat

eyed E cab
are erupted with 2 cells

IET В Its satisfying theweakwiv.pro

TAI TAT then DEBE



Prof Construct a smothering functor enjoy

D

t.IE

а на

ЕЁ ЧЁЁ
же

AFunimenesoff altinduction П
Notice EYE E б Eft FEE it EYE In



Merci

веансоир


