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Def An adjuncton IIIB between a categories i comprisedof

a pair of a categories A В

a pair of a functors

И A B R f B А

a pair of a natural transformations

Ч idgaf E fu ida

so that

В В в в

АШАН thtЁЖ IT
B B

A A
n Infanta fit fut Ef



Remade In the the setting of a n a a categories

this is pseudo style adjuncton
Г

It is not mostgeneral adjunctions

But its relationships to the equivalences

to the notions of a limits



Lemme An adjuncton in a 2 category is preservedby

any 2 functor

Iml Adjuncton between 1 cats

Cat Ghat

AFB мы NFIB
1
regardedas a nerve

III Quillen adjunctive



ER Given an adjuncton AFB between cats

Then

У a cat X

Fun XAltun Х B

V a cat X

hFunkAthFunkB
I simplicial set V

АЁВ
If the ambient a cosmos I cartesian closed then to cat С

А F ВС



free Adjunctons compose

ДА
Beta

ТЁ

trop uniqueness ofadjoins
If ft и ft и f If

Conversely if ftr and ff f't и



Lemme minimal adjuncton data

Atf Э mat trant idgaf so that

fu ida

the triangle equality composites are invertible

f sfuf sfda sufu

saProfObvious

yiidptuf E fu ida

9 ftt 24 апр и

an isomorphisms



Construct an adjuncton ftw with unity and countЁ
в на тв в fuatsfb fua a.rs

в а

в X в
Let

a X А
be find generalized elements

минет 4

КУДА

НЕТ
ПРЕДДАН



By 2 of 6 property we have all six morphismsbeing

bijection

Define

ДЕЕЙ
so that

В в

NILE ЙЕН НЕТ



Form the pasting equality у

ЁОТЕТ

4 4 4 4
4 авири и

But 44 invertible
а

So
ns.qu idu



Corollary_ adjointequivalences Any equivalence can be

promoted to an adjoint equivalenceby modifying one of
the 2 cells i e the invertible 2 cells in an equivalence

can be chosen so as to satisfy the triangle equalities

fig are inverse eqiv.ms fig gtf

Pre if

ЕТА ЕЁ
Eff If I get off g

So by the previous lemma f and g fit into an adjuncton 4



trap Adjunctions are equivalence invariant

И A B admits a left adjoint V A A

I Is В I B

the functor
И A В

admits a left adjoint
Proof ft и with A I A B I B adjoint

equiv.AE

IIIB
Conversely if a A A I B I B admits a left as f

then

ТЕТРАДУ и



Initialdterminalsba

D.tn initial element in an a eat Aia left

adjoint to the unique functor A 1

A terminal element is a rightadj

Йа
Ен

terminal To define an initial element in an cat A И
suffices to specify

an element i I A

a mat Hand А A
so that Ei i in hAugie



Proof a cat 1 Ek is 2 terminal in the homotopy 2 cat

вĸ
i 1 A й a section of A 1

So lied 7 15 i is an io

We have a triangle

IE FI.FI
А а

ЧУДЕЕТ1 1

i ilililmlil.to
Е i id this does not

Rides We want
this holds automatically

Ela a
Ei id



To do this it suffices to require an isomorphism

Ei T I T see the prop above

Consider the horizontal composite and represent it as
a vertical composite in two ways

sift
ilili
il.it

itiz

ЕЙ аж

three

I
67



So Ei E E Ei id since Ei is an isomorphism

by theassumption
аterm uniqueness Any two initial elements in an

a cat A are isomorphic in htt and if a I I in hА a is
initial

initial tooPrt Кleft adjointstand it to A 1

are mat isomorphic

I a 1 A that ie isomorphic to leftas to A 1

И itself a left adjoint
A functor isomorphism it it gives it it in LA я



term An element i 1 A is initial f X А

7 a unique 2 cell with boundary

ta
Prt it ma htunlxtfhfmk.tl
So the constant functor i X A is initial in hFun IXA

Conversely If i 1 A satisfies univ property of thestatement
Then apply it to the ida A A any by Lemma above
we are done а



It
Remade Being homotopy initial й weaker than

being initial in the cat

But a homotopy initial element in a

complete 6 1 cat defines an initial elements



term If A has an initial element and A I A

then A has an initial element and they are

respected by the equivalence up to isomorphism

Prof A I A us an adjoint equivalence

Ith
it defines an initial

element

By the uniqueness of initial elements the equivalence АДА
preserves initial elements 4



Limitation a limits should be interpretedas
homotopy ones in a cat

a limits of a diagram valued inside in cat A in
some A cosmos

induced by a simple set I in an a cat Aina
generic a cosmos

indeed by an a cat I and valued in an cat А
in a cartesian closed

I diagram cat
и cosmos

For A E K T Essex
or define a diagram ofshape
7 E heartclosed I in A as an element

d 1 A



SSetxk

K.CA
КФК х
I A A

bifmctorsApplybifmctar.to
3 1

D A A constant diagram
functor

DIClimitfcolim.itfunctor

АГДА



Lame Products or copraducts in an a cat A also

define define ones in its homotopy cat LA

Prof If Ii a set A ДА

LK ITC at

A LA
preserves products

НАДЕЖДА ЕДАЕДАI is a set
So

HAIL ATTILA Pat

Halim



The definition is insufficiently general

Def absolute lifting diagram
Given a copan С 9 A В in a 2 eat

An absolute left lifting ofg through f isgiven by
а 1 см в 22 см 7

It sit

д

в в х в Ану 2 см у
4 ПУ It pile

factors through

К
g
А се х



An absolute right hittin ofg through f
В Х И В

Гуда
e В

ДМ К ЧЕТЕ
С 7

А
д

Absolute means

Lemme Left right lifting diagrams are stable under
restriction of their domain object
If 1 7 abs left liftingofg through then с X C

L Х defines an absolute left lifting ofgo through f

ЖЕЕЕ



Example idgaf ie the unit of fu
П

If4 defines an absolute left liftingdiagram

its
Dually for E.fr

idaidAEE

Proof X в

Дд
Х В в amp b и

ЕДЕТ



E
hfmk.BEhFun xA

Ifftuthenitisanadjumction and И E defines an

absolute right lifting of Ida through f

Conversely the unit triangle identities of an adj can be

extracted from the www.prop of the right liftingdiagramа

In particular calm 1 Atlin define

Аcolin A

I AЙЕ
These univ properties are preserved under restriction It motivates



Def limit colimit A coli mit of a family ofdiagrams
d D A of shape I in an a cat A is givenby
an absolute left lifting diagram

совм
A

D ДЕ
comprised of a generalized element colima D А

a colinntconeyi.de Doolin d

Dually а limit of a familyof
LIta

diagrams d D A of
shape I in an a a A

Е Blind d a limit cone



Imply An initial element i 1 A can be regarded

as a column of the empty diagram
The constant diagram functor

1 A A AIL

ДА

It
Аа
I 11 IIII 1

We want an initial element defines an absolute left lifting
diagram whose 2 cell is identity

But the existent я uniqueness of I followfrom initially
of ii 1 A among all generalised elements f X А



Iamplefcercis.IN a cartesian closed a cosmos I 1 А can be

regarded as a limit of ida A A

Тему Right adjoins preserve limits

Prof A admits limits of d 1 A

ЕЁ
f I и то 77 a

Show that

Ittf
й again an absolute right
lifting diagram



Consider

В

ИХ 1012
1
g

А I
B

Add a square to the right hand side composing with f

х В
f A EBLA

ИХ в12
I A BILLIE ДЁД
Я ЕЕ justine

factory



Add a square to the right hand side composing with И

XIB
tEBEYIE.IE

ЁТТ

шо

I
B B х

DX И
УЁДЦЕ

apply a triangle identityof f't И Uniqueness

So 4 factors through the composite of Sand 24 left Яas an exercise



Corollary Equivalences preserve limits

Moreover

Top An equivalence f A I B preserves reflectsand

creates limits and coli mits

Prof Prove that f reflects limits and colimits

Consider a family of diagrams d K A that admits
limits in В

В
aftercomp

III II with В

The composite 2 cell



B A
again defines

Ftse анавюете

right lifting
diagram

The www.prop can be verified а



Thankyou


