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One associative law in different contexts

Main result:

Associativityof the two-valued groupChazy equation Associativityof the Dubrovin–Frobenius structure
QYBE for theDubrovin–Frobenius structure

⇐⇒ ⇐⇒

⇐
⇒

The four displayed conditions reduce to 4k8 = k24 − k2k6.
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n-valued groups
An n-valued product is a map

∗ : X × X −→ Symn(X ), x ∗ y = [u1, . . . , un],with repetitions retained. Products of multisets concatenate all outputs.
DefinitionAn n-valued group has an associative product, an identity e ∈ X , and an inverse mapinv : X → X satisfying (x ∗ y) ∗ z = x ∗ (y ∗ z) in Symn2(X ),

x ∗ e = e ∗ x = [x, . . . , x ]︸ ︷︷ ︸
n entries

,

e ∈ x ∗ inv(x), e ∈ inv(x) ∗ x.

In the algebraic setting X is a variety and the maps may be rational. The group is regularwhen both maps are defined everywhere.[Buc06] 3/37



The finite-automorphism coset construction

Let G be a group and A ⊂ Aut(G) a finite subgroup, |A| = n. Write X = G/A for the orbitspace and π : G → X .
Coset construction

π(g) ∗ π(h) = [
π

(
g α(h))]

α∈A.

eX = π(eG), inv(π(g)) = π(g−1).
Changing the representatives g, h only permutes the n entries.
▶ Coincident outputs are retained, including at points with stabilizers.
[Buc06]
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An elementary two-valued group

For x, y ∈ C, define the two-valued product
x ∗ y = [(√x + √y)2, (√x − √y)2]

.

Changing either square root exchanges the two entries.
The quadratic equation

p2(z; x, y) = z2 − 2(x + y)z + (x − y)2 = 0.

0 ∗ x = [x, x ], x ∗ x = [0, 4x ], inv(x) = x.

[Buc06]
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The n-valued groups Gn

Let ε be a primitive nth root of unity. On C, put
x ∗ y = [( n

√
x + εr n

√y)n | r = 0, . . . , n − 1]
.This multiset is independent of the choices of the roots. The neutral element is 0, andinv(x) = (−1)nx .

The Buchstaber–Rees polynomialsWith an = x and bn = y, the symmetric polynomial is
pn(z; x, y) = n−1∏

r=0
(
z − (−1)n(a + εrb)n)

.

The outputs of x ∗ y are the roots of pn(z; (−1)nx, (−1)ny).For algebraically independent x, y, pn(z; (−1)nx, (−1)ny) is the minimal polynomial of(a + b)n over C(x, y), of degree n.
[BK26]
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Wendt determinant formulas
The polynomial pn(z; x, y) is the determinant of the Wendt (x, y, z)-matrix. In each display,
wn = z.

p2 = ∣∣∣∣w2 − x + y 2wy2w w2 − x + y

∣∣∣∣ ,

p3 =
∣∣∣∣∣∣
w3 + x + y 3yw 3yw23w2 w3 + x + y 3yw3w 3w2 w3 + x + y

∣∣∣∣∣∣ ,

p4 =
∣∣∣∣∣∣∣∣
w4 − x + y 4yw 6yw2 4yw34w3 w4 − x + y 4yw 6yw26w2 4w3 w4 − x + y 4yw4w 6w2 4w3 w4 − x + y

∣∣∣∣∣∣∣∣ .

[BK26]
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Symmetric two-algebraic two-valued laws

Consider a polynomial:
P2(z; x, y) = F0(x, y)z2 + F1(x, y)z + F2(x, y).

DefinitionA symmetric 2-algebraic two-valued group on C is an algebraic two-valued group withneutral element 0 and inverse map inv(x) = x , whose multiplication is defined by
x ∗ y = [z | P2(z; x, y) = 0].

The polynomial P2 is symmetric in the three variables x, y, z and has degree at most twoin each variable.
8/37



The universal associativity conditionPut e1 = x + y + z, e2 = xy + xz + yz, and e3 = xyz. The universal symmetric2-algebraic law is
P2(z; x, y) = e21 − 4e2 + k2e3 + k4e1e3 + k6e2e3 + k8e23.Its two roots in z define x ∗ y. In particular,

P2(z; x, 0) = (z − x)2, P2(0; x, x) = 0.

Theorem (Buchstaber–Kornev–Rubtsov–Veselov)(x ∗ y) ∗ z = x ∗ (y ∗ z) ⇐⇒ 4k8 − k24 + k2k6 = 0.The universal coefficient ring is
Z[k2, k4, k6, k8]/(4k8 − k24 + k2k6).

[BV19, BK26, BGR26] 9/37



The universal coefficient ringThe coefficient ring of the universal family is
R0 = Z[k2, k4, k6, k8]/(4k8 − k24 + k2k6).

Universal property (Buchstaber–Kornev–Rubtsov, 2026)The family P2 is initial in the class of polynomials defining symmetric 2-algebraictwo-valued groups over Z[1/2]-algebras.For any such polynomial Q with coefficient ring R ′, there is a unique homomorphism
r : R0 −→ R ′, Q = r(P2).Over Z[1/2]-algebras, the universal family has independent parameters k2, k4, k6, and

k8 = k24 − k2k64 .

[BK26, BGR26] 10/37



Elliptic curves appear unexpectedly
The associativity condition for the symmetric polynomial leads to the cubic

Ea : η2 = ζ3 + a1ζ2 + a2ζ + a3.

For δa ̸= 0, this is an elliptic curve.
Corollary (Buchstaber–Kornev, 2026)In the reciprocal coordinate x = 1/ζ , the elliptic quotient law is

Ba(z; x, y) = (e1 − a2e3)2 − 4(1 + a3e3)(e2 + a1e3) = 0,

with
k2 = −4a1, k4 = −2a2, k6 = −4a3, k8 = a22 − 4a1a3.

Elliptic curves emerge from the algebraic associativity condition.[Buc90]
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The elliptic coset construction
Let

E : η2 = ζ3 + a1ζ2 + a2ζ + a3, δa = Disct(t3 + a1t2 + a2t + a3).
Proposition (Buchstaber–Gaiur–Rubtsov, 2026)The universal symmetric 2-algebraic two-valued group is obtained by the cosetconstruction for the involution (ζ, η) 7−→ (ζ, −η).Its multiplication is given by the Buchstaber polynomial:

π(P) ∗ π(Q) = [π(P + Q), π(P − Q)].If δa ̸= 0, the multiplication is defined everywhere on CP1 ×CP1. If δa = 0, it is defined ona Zariski-dense domain, using the smooth points of the degenerate cubic.[BGR26]
12/37



A family containing all elliptic isomorphism classes

Use D = (2πi)−1d/dτ . The Ramanujan identities are
DE2 = E22 − E412 , DE4 = E2E4 − E63 , DE6 = E2E6 − E242 .

Proposition (Buchstaber–Kornev–Rubtsov, 2026)

η2 = ζ3 + a1(τ)ζ2 + a2(τ)ζ + a3(τ),
a1 = −π2E2, a2 = 4π4DE2, a3 = −8π63 D2E2.

As τ ∈ H varies, all smooth elliptic classes occur.
▶ The group-law coefficients are k2 = −4a1, k4 = −2a2, k6 = −4a3.
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The coefficient flow of Buchstaber polynomials

Let
Bτ (z; x, y) = e21 − 4e2 + k2(τ)e3 + k4(τ)e1e3 + k6(τ)e2e3

+ k4(τ)2 − k6(τ)k2(τ)4 e23be a one-parameter family of Buchstaber polynomials satisfying
D = 12πi

d
dτ , λ ̸= 0, Dk2 = λ2k4, Dk4 = 3λ4 k6,

Dk6 = λ4(k24 − k2k6) = λk8.
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All elliptic isomorphism classes in one family

For the displayed family of Buchstaber polynomials and coefficient flow:
Theorem (Buchstaber–Kornev–Rubtsov, 2026)There exists a one-parameter family GC(Bτ ) of symmetric 2-algebraic two-valued groupscontaining representatives of all coset isomorphism classes of symmetric 2-algebraictwo-valued groups corresponding to coset constructions of elliptic curves

y2 = x3 − k24 x2 − k42 x − k64 , δk ̸= 0.

Here δk is the discriminant of the cubic on the right.
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Associativity is equivalent to the Chazy equation

Theorem (Buchstaber–Kornev–Rubtsov, 2026)Within the family GC(Bτ ), the associativity condition of the universal symmetric 2-algebraictwo-valued group 4k8 = k24 − k6k2is equivalent to the Chazy equation
D3y = yD2y − 32(Dy)2,

where
y(τ) = −λ4k2(τ), D = 12πi

d
dτ .

The elliptic family above has λ = −1/π2 and y = E2.
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The nodal and cuspidal families

Theorem (Buchstaber–Kornev–Rubtsov, 2026)The nodal cubic corresponds to the constant family k2 ≡ 1, k4 ≡ k6 ≡ 0.The cuspidal cubic corresponds to the family k2 = k4 = k6 = 0.
Nodal case: the Chebyshev coset monoid

τ(u) = u−1, π(u) = 12(
u + u−1)

.

s ∗ t = [
st ±

√(s2 − 1)(t2 − 1)], e = 1.

Domain: Sym2(CP1) \ {[∞, ∞]}.With s = 1 + 2x , a rescaled nodal representative is
η2 = ζ2(ζ + 1), a1 = 1, a2 = a3 = 0.

Cuspidal representative
η2 = ζ3.The additive coset group G2:

x ∗ y = [(√x ± √y)2]
.Its quotient coordinate is

x = v2, where v = ζ/η.
[BK26]
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The Möbius action on Chazy solutionsLet
g = (

a b
c d

)
∈ SL2(C), gτ = aτ + b

cτ + d .

For the Möbius action use the ordinary derivative. Put Y = πi y, where y solves thenormalized Chazy equation; then
Y ′′′ = 2Y Y ′′ − 3(Y ′)2, (−)′ = d

dτ .

The Möbius action

(Y |2 g)(τ) = Y (gτ)(cτ + d)2 − 6c
cτ + d.

In the normalized-D coordinate, the same action reads [Cha11]:
(y |2 g)(τ) = y(gτ)(cτ + d)2 − 6c

πi(cτ + d) . 18/37



Three Möbius orbits

Let Sol be the solution space of the Chazy equation, with its normalized derivative
D = (2πi)−1d/dτ .
Theorem (Chazy, 1911)The space Sol decomposes into three orbits

Sol = G(E2) ⊔ G(0) ⊔ G(1), G = SL2(C).
They are the orbit of the Eisenstein series y0 = E2, the zero solution y1 = 0, and theconstant solution y2 = 1.
[Cha11, Oh95, BLP03]
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Classification of the flow families

Corollary (Buchstaber–Kornev–Rubtsov, 2026)Any one-parameter family GC(Bτ ) of symmetric 2-algebraic two-valued groups defined bythe coefficient flow is obtained from one of the three flow families above by the action of anelement of G = SL2(C) under the Möbius action.
Corollary (Buchstaber–Kornev–Rubtsov, 2026)The classes of G-equivalence of one-parameter families GC(Bτ ) are in one-to-onecorrespondence with

G(E2), G(0), G(1)of the solutions y = E2, y = 0, and y = 1 of the Chazy equation.
20/37



Frobenius algebras

DefinitionA Frobenius algebra over C is unital associative algebra A equipped with a linearfunctional θ : A → C for which the bilinear form
ηA(a, b) = θ(ab)

is nondegenerate:
ηA(a, b) = 0 for every b ∈ A =⇒ a = 0.Any Frobenius algebra is automatically finite-dimensional.The form is invariant under multiplication:

ηA(ab, c) = ηA(a, bc) (a, b, c ∈ A).
[Koc03]
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The coalgebra of a Frobenius algebra

Proposition (Farnsteiner, 2007; Kock, 2003)Every Frobenius algebra (A, θ) carries a unique Frobenius-compatible coalgebra structure(A, ∆, θ) with counit θ. If ∆(1) = ∑
i

ai ⊗ bi,

then ∆(x) = ∑
i

aix ⊗ bi = ∑
i

ai ⊗ xbi.

For dual bases (xi), (yi), with ⟨xi, yj⟩ = δij ,
∆(x) = ∑

i
xix ⊗ yi = ∑

i
xi ⊗ xyi.

[Koc03] 22/37



Dubrovin–Frobenius manifolds
One can define Frobenius manifolds locally using potential functions in flat coordinates
t1, . . . , tn. We recall the data needed below.A smooth (or holomorphic) potential F (t1, . . . , tn) and a constant, nondegenerate symmetricmetric η = (ηαβ) determine the tangent multiplication by

η(∂α ◦ ∂β , ∂γ) = ∂α∂β∂γF, ∂α = ∂
∂tα .

The unit condition for e = ∂1 is
∂1∂α∂βF = ηαβ .Associativity is equivalent to the WDVV equation.When WDVV holds, each tangent space TpM is a commutative Frobenius algebra with thismultiplication and the invariant pairing ηp.

[Dub96]
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WDVV and multiplication matrices
Let F (t1, . . . , tn) be the Frobenius potential, n = dim M . The constant Gram matrix ηαβhas inverse ηαβ . In flat coordinates put

Fαβγ = ∂α∂β∂γF, (Cα )γβ = ηγδFαβδ .

Thus Cα is multiplication by ∂α . Repeated Greek indices are summed.
The WDVV equation

FαβµηµνFνγδ = FαγµηµνFνβδ .

WDVV ⇐⇒ [Cα , Cβ ] = 0 for all α, β.

[Dub96]
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A tangent multiplication from a potentialIn flat coordinates u = t1, x = t2, y = t3, take
F (u, x, y) = 12u2y + 12ux2 + f (x, y), η = 0 0 10 1 01 0 0

 .

The unit is e1 = ∂u. The third derivatives define
cγ

αβ = ηγνFαβν , a = fxxy, b = fxxx , c = fxyy, d = fyyy.

Multiplication table
e22 = ae1 + be2 + e3,

e2e3 = ce1 + ae2,
e23 = de1 + ce2.

[Dub96] 25/37



Associativity is the scalar WDVV equation

Theorem (Buchstaber–Kornev–Rubtsov, 2026)The multiplication table is associative precisely when
κ = a2 − bc − d = 0 ⇐⇒ f 2

xxy = fxxxfxyy + fyyy.

Pointwise, the corresponding two-valued law has coefficients
(k2, k4, k6, k8) = 4(b, a, c, d),
4k8 − k24 + k2k6 = −16κ.

The two-valued law and the tangent algebra have the same associativity condition.
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The associativity ideal

Take the multiplication table of the three-dimensional potential over
K = Z[a, b, c, d].

Proposition (Buchstaber–Kornev–Rubtsov, 2026)The minimal ideal I ⊂ K for which the table becomes associative over K/I is
I = (a2 − d − bc).With x = t2, y = t3, this is the scalar equation

f 2
xxy − fyyy − fxxxfxyy = 0.

27/37



Multiplication matrices and WDVVThe matrices Cα introduced above specialize in this basis to
eα = ∂tα , C1 = I3, C2 = M = Le2 , C3 = N = Le3 .Thus M and N are the same multiplication matrices, with
M = Le2 = 0 a c1 b a0 1 0

 , N = Le3 = 0 c d0 a c1 0 0
 .

Their commutator is
[M, N ] = (a2 − bc − d) 0 1 00 0 −10 0 0

 .

WDVV ⇐⇒ a2 − bc − d = 0 ⇐⇒ MN = NM.
28/37



The Dubrovin algebra as a cubic quotient

For each point of the associative domain, the tangent Frobenius algebra is
TpM ≃ C[t]/(t3 − bt2 − 2at − c

)
.

Here t is a polynomial indeterminate.
Proposition

φ(e1) = 1, φ(e2) = t, φ(e3) = t2 − bt − a.

29/37



Two-valued associativity and the Chazy potential

Theorem (Buchstaber–Kornev–Rubtsov, 2026)The condition 4k8 = k24 − k6k2 in the universal symmetric 2-algebraic two-valued group isequivalent to associativity of the Dubrovin–Frobenius structure on a three-dimensionaldomain with potential
F (t) = 12(t1)2t3 + 12 t1(t2)2 − (t2)496 φ(t3).

For this potential, the scalar associativity equation becomes
φ′′′ = φφ′′ − 32(φ′)2, (−)′ = d

dt3 .
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The coproduct in the three-dimensional basis

The dual bases are (e1, e2, e3) and (e3, e2, e1). The Frobenius functional is
θ(e1) = θ(e2) = 0, θ(e3) = 1.

On the associative locus,
∆(e1) = e1 ⊗ e3 + e2 ⊗ e2 + e3 ⊗ e1,∆(e2) = ce1 ⊗ e1 + a(e1 ⊗ e2 + e2 ⊗ e1)+ be2 ⊗ e2 + e2 ⊗ e3 + e3 ⊗ e2,∆(e3) = de1 ⊗ e1 + c(e1 ⊗ e2 + e2 ⊗ e1) + ae2 ⊗ e2 + e3 ⊗ e3.

∆(e1) is the Casimir tensor.
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The WDVV tensor train and QYBE
Fix p ∈ M and put V = TpM . Under WDVV the matrices Cα commute. For arbitraryconstants λαβ , form the finite tensor train

S = ∑
α,β

λαβCα ⊗ Cβ .

On V ⊗3 put S12 = S ⊗ I , S23 = I ⊗ S, and S13 = T23(S ⊗ I)T23.
S12S13S23 = S23S13S12.

All three tensor-leg operators commute, so their product is independent of order. Theinverse metric gives the canonical choice
Q = ∑

α,β
ηαβCα ⊗ Cβ = I ⊗ N + M ⊗ M + N ⊗ I.
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The Frobenius algebra, its Casimir element, and QYBELet (A, θ) be a finite-dimensional Frobenius algebra over C, with dual bases satisfying
θ(eiej ) = δ j

i . For the left regular representation La(x) = ax , put
Q = ∑

i
Lei ⊗ Lei ∈ End(A ⊗ A).

Equivalently, Q(x ⊗ y) = ∑
i eix ⊗ eiy.

Theorem (Beidar–Fong–Stolin, 1997)For every such Frobenius algebra, including the noncommutative case,
Q12Q23Q12 = Q23Q12Q23.

With T (x ⊗ y) = y ⊗ x , the operator R = QT satisfies
R12R13R23 = R23R13R12.

[BFS97] 33/37



The explicit R (a, b, c, d) matrix

Use the ordered basis (e1 ⊗ e1, e1 ⊗ e2, . . . , e3 ⊗ e3).

R =



0 c d c a2 ac d ac c20 a c a ab + c bc + d c a2 ac1 0 0 0 a c 0 c d0 a c a ab + c a2 c bc + d ac1 b a b 2a + b2 ab + c a ab + c a20 1 0 1 b a 0 a c1 0 0 0 a c 0 c d0 1 0 1 b a 0 a c0 0 1 0 1 0 1 0 0


Here a = fxxy, b = fxxx , c = fxyy, d = fyyy.Writing κ = a2 − bc − d, the rank is rank R = 3 for κ = 0, and 7 for κ ̸= 0.
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QYBE for the four-parameter matrix

Theorem (Buchstaber–Kornev–Rubtsov, 2026)The displayed matrix R (a, b, c, d) satisfies
R12R13R23 = R23R13R12 ⇐⇒ a2 − d − bc = 0.For the multiplication matrices M = Le2 and N = Le3 ,

R = (
I3 ⊗ N + M ⊗ M + N ⊗ I3)

T ,

where T (ei ⊗ ej ) = ej ⊗ ei is the flip.
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Two-valued associativity and QYBEFor the Dubrovin–Frobenius structure with the Chazy potential
F (t) = 12(t1)2t3 + 12 t1(t2)2 − (t2)496 φ(t3),

and its Casimir operator
Q = Le1 ⊗ Le3 + Le2 ⊗ Le2 + Le3 ⊗ Le1 .

Corollary (Buchstaber–Kornev–Rubtsov, 2026)The universal symmetric 2-algebraic two-valued associativity condition
4k8 = k24 − k6k2

is equivalent to QYBE for this Dubrovin–Frobenius Casimir construction. 36/37



The equivalence diagram

Main result 4k8 = k24 − k2k6
Associativityof the two-valued groupChazy equation Associativityof the Dubrovin–Frobenius structure
QYBE for theDubrovin–Frobenius structure

⇐⇒ ⇐⇒

⇐
⇒
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