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From characteristic series to genera

Let R be a commutative Q-algebra and choose a series
Q2) =1+ qiz+ qz° +--- € R[[z].
For a closed stably complex manifold M?" with tangent Chern roots x, ..., x;, its

Hirzebruch genus is
Po(M) = <|_| Q(x)), [M}> :
j=1

» Take the component of cohomological degree 2n before evaluating.
» Disjoint union and Cartesian product give addition and multiplication: ¢o: Qu — R is
a ring homomorphism.

The same genus is encoded by the strict series f(z) = z/(Q(z), called its exponential.
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The geometric meaning of logarithm and exponential

Let g = f~' under composition. The associated formal group is

Fluv)=1(gw)+g(v)),  g(F(u,v) = g(u)+g(v).
Two geometric families recover all coefficients:

n+1

glu) = u+§so(w">n”+1,
un+1

fluy=u+)_ (p(@n)m.

n>1
Here ©, is a smooth theta divisor in a general principally polarized abelian variety of
dimension n + 1.

Inverting a formal series relates projective spaces to theta divisors; the different
denominators carry arithmetic information.

[BV24, BK26]
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One-dimensional n-valued formal groups

Buchstaber and Novikov introduced two-valued formal groups in connection with complex and
symplectic cobordism, as well as the modulus-square construction from one-valued to two-valued
formal groups. [BN71]

Definition
Let R be a commutative ring. A one-dimensional n-valued formal group is encoded by a monic
polynomial

P(Zix,y)=Z" = 6o(x, ) 2" + - + (=1)"6-1(x, y) € Rllx, y][Z].
Its roots define the unordered product

x*ky=|z,..., Zn), P(zj; x,y) =0,

which is associative, has a unit 0 with x*0 = 0% x =[x, ..., x], and admits an inverse inv(x) with
0 € x xinv(x) and 0 € inv(x) * x.
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Buchstaber’s two-valued classification

Theorem (Buchstaber, 1975)

Let R be an integral-domain Q-algebra. Every commutative two-valued formal group is
strongly isomorphic either to the elementary cyclic law

Gy:  xxy=[(Vx+ vy (Vx=vE)Y],

or to the diagonal law
x*xy=[x+y,x+yl

If z1, z are the roots of P(Z; x, y), a strict series B(x) = x + O(x?) gives a strong
isomorphism P ~» Q when

2
[ 1(z - B(z)) = Q(Z: B(x), B(y))-

j=1

For Q = Gy, the series B is called the logarithm; Buchstaber found it explicitly. [Buc75]
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From associativity to an additive coordinate

For a one-dimensional formal group law over a Q-algebra, associativity and a two-sided
unit give an additive coordinate.

The invariant differential and logarithm

Put
= [
v:OI J 0 (.U(i').

Differentiating associativity at the unit gives

w(u) = 6/—_((;‘1/, V)

oF (u,v)
v

w(F(u,v)) = w(v),  g(F(u,v)) = g(u) + g(v).

Hence commutativity follows from associativity and the unit.

Abel assumed the stronger condition that F(z, F(x, y)) is symmetric in x, y, z.  [Abel26, Haz78]
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An n-valued analoque of Abel’s theorem

Assume associativity and a strong two-sided unit. In the formal setting,
P(Z;x,0) = (Z —x)", P(Z;0,y)=(Z —y)".

Theorem (Kornev, 2026)

Over a reduced commutative (Q-algebra, every one-dimensional formal n-valued
multiplication with these properties is commutative:

P(Z;x,y) = P(Z;y, x).

Theorem (Kornev, 2026)

Over a field of characteristic zero, every associative algebraic n-valued monoid on P! with
a strong two-sided unit is commutative.

No inverse axiom is required. Over an arbitrary commutative (Q-algebra, the coefficients of

P(Z;x,y) — P(Z; y, x) lie in the nilradical. [Kor, in prep]
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Complete classification by divisors of n

Let R be an integral-domain Q-algebra and P an associative one-dimensional formal
n-valued multiplication with a strong two-sided unit.

Theorem (Kornev, 2026)

There is a unique divisor m | n and a strong coordinate B(t) = t + O(t?) € R][t]] such that,
for the roots z, of P,

n

[ (W = B(z) = pu(W; B(x), B(y))""™ |

v=1

Here p, is the polynomial of the elementary cyclic law G,,:
m—1

Wi X, V) =[] (W— (W+(§,W)m).

j=0

The divisor m is the generator’s differential order and the number of distinct generic values;
each value occurs with multiplicity n/m.

Disc;P#+#0 <<= m=n. 647



Where the two values come from

Along CP* — HP*, a quaternionic line restricts to n @ 7. For two such lines, the complex
tensor product splits as

mememem =&al,

Sy =mm® mnz, - =mi & mn.
Each & is a quaternionic line of the form L & L. Writing u = ¢(m) and v = ¢} (n2) gives
X = uu, y=yvv,
z. = F(u,v)F(a,v), z_ = F(u,v)F(a,v).
The symmetric functions z; + z_ and z;z_ lie in Q[x, y]|. [BK26, BN71]
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eak units and polynomial pullbacks

Example (Kornev)

The multiplication

x*xy=[x+yx—y]
defines an associative two-valued algebraic multiplication on A'. Since x * 0 =[x, x] and 0 * x = [x, —x], the element 0 is a
weak unit, but not a strong unit.

weak unit: x € 0*xx and x € xx0 strong unit: Oxx =x %0 =[x,...,x]

Proposition (Kornev, 2026)

Let P(Z; x,y) = 0 represent an algebraic n-valued monoid on Al with strong unit 0. Let T € C[z] be monic of degree
m > 2 with T(0) = 0. Then
Pr(Z;x,y) = P(T(Z); T(x), T(y)) =0

defines an associative algebraic mn-valued monoid with weak unit 0. If P is commutative, then so is Pr.

Example: the Fermat curve. Pulling back the additive algebraic group by T(z) = z" gives

n—1
Pe,(Zix,y)=2"=x"—y", x5, y= [ink\"/m]k:0~
Thus 0%y = y %0 =[Cky]i=}, so 0 is weak but not strong for n > 1. [BK26]
10/47



Buchstaber’s universal two-valued family

In 1990 Buchstaber introduced

Ba(z; X, y) = (x + y + z — axyz)?
—4(1 + asxyz)(xy + yz + xz + a1xyz), a = (a4, az, as).

Each B, defines a two-valued formal group and is universal among modulus squares
of the formal groups
u? i (v) — v2Aq (u)

) = = v

[Buc90]

modulus square modulus square

Buchstaber—Krichever family F B, formal group Fg.

The modulus-square construction is not injective: distinct one-valued formal groups

can determine the same two-valued law.
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Theorem (Kornev, 2026): the formal group Fp.

Put
Ro(t) =1 — ait* + art* — ast°.
» Then
—1/2
u~/Rqa(v) — v/ Ra(u
Fc(u,v) = 2 > () + azu®v?
us—v
is a one-dimensional formal group law with formal inverse t = —u.

» Its modulus square is exactly the two-valued law B,(z; x, y).

» Its exponential is odd, a fact used below for the values on theta

divisors.
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Theorem (Kornev, 2026): logarithms and exponentials

» Define

Two-valued law 5,

+ artt + astd

One-valued law Fpg,

aaele] / dt foc(t) 1
BclU) = BcllU) = .
0 V1= a1t + ayt* — a3t Volu; g2, —g3) + a1/3

For singular Weierstrass cubics, p is understood through degeneration of the o-function.
13/47
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The differential equation behind the Buchstaber genus

The logarithm determines the exponential without elliptic functions:
1

= ’
V1 —a1u? + ayu® — azu®

gi(u)

(fa)” =1 — a1fg. + aafg, — asf..
With f(0) = 0 and f'(0) = 1, differentiating gives
f" = —arf + 2a2f> — 3asf°.
This recursively determines every Taylor coefficient. For example,
ar 3 G% +12ay 5

_ ., ! a7 T 1402 7
fluy=u 6! + 0 VY + O(u’).

» The solution is odd, so Qg (u) = u/fgc(u) is even.

» Consequently the genus vanishes in odd complex dimensions and extends to oriented
cobordism after inverting 2.

[Kor26a]
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Theorem (Kornev, 2026): universality

» Universality. Over commutative Z[1/2]-algebras, Fg. is universal among
one-valued formal group laws whose formal inverse is —u and whose modulus
square is ;.

» Krichever—Ochanine specialization. The law Fg. belongs to Buchstaber’s
Krichever family F if and only if a3 = 0. This specialization is the Ochanine
genus.

» Genus Bc. The corresponding Hirzebruch genus is

1
Bc: Qy — Z[§ ai, s, 03] , dega; = —4i.

The defining characteristic series first gives a rational genus; the integral
formal group law gives the stated target. [Kor26a]
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Ochanine’s elliptic quartic

Put 0 = a4/2 and € = a3. Then

(" dt
goch(u) —/0 Ji—SE e
(Fo)? =1 =203, + -
» This is the invariant integral on the elliptic quartic y> = 1 —25t* + et*, when the curve

is nonsingular.
» The formal power series still make sense at singular parameters.

The intersection of the two families

Over Q, the Buchstaber law Fg, lies in the Buchstaber—Krichever family F precisely when
a3 = 0; this is the Ochanine genus.

Thus the third parameter records the departure from the Ochanine specialization. [Kor26a]
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Classical genera as specializations of Bc

Genus (a1, a2,a3)  Exponential f(u) Q(u) = u/f(u)
u
Signat L 2,1,0 tanh
ALgna ure ( ) anhu tarbhu
A —1 2sinh(u/2
(=3.0.0) sinh(u/2) 2sinh(u/2)
u
Top Chern ¥ (—3,3,—1 V1—u?
ptherm x| ) e

» A =Td when ¢; =0, and the two genera agree on St.
> Xl|st = x|st, where x(M??) = (cy(TM),[M]) is the top Chern genus.
For an almost complex manifold, (M) is its Euler number.
The Stong ring St C Q is defined degreewise by
St724 = {X € Q3% | ¢[X] = 0 for every | F d with an odd part}.
Here ¢/[X] = (c;, - - ¢i., [X]) is an ordinary tangent Chern number. Equivalently, X € St iff

2'X € im(Qsp, — QU) for some r > 0. [HBJ92, Buc78, BK26]
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Theta divisors and CP"'s

Theta divisors Complex projective spaces
fac(u)=u+) Bc(©,) u”! umt!
(u)=u c(©,)— _ n
’ — (n+1)! gae(u) ch(CP )
Bc(©@2m41) =0 BC(CP2™) = 0
Bc(©2) = —a
()= Be(CP?) = 2
Bc(©4) = af + 12a; 2
2 _
Bc(©s) = —a7 — 132a4a2 — 36043 Bc(CP) = w
3_
Bc((C]P6) _ 5a7 —12a1a; + 8az

16
Proposition (Kornev, 2026)

For every n > 1,

Bc(©,) € Z]ay, az, as].
Thus no factor 1/2 is needed for theta divisors. [Kor26]
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The Krichever genus and the Baker—Akhiezer function

The Krichever exponential is
eC{U

fKr(U) q)(u,p),
Here { = ¢’/a. Over Q, the four parameters are
by = a, by = p(p), bs = p'(p), by = G, degb; = —2i.
» Here u is the formal variable and p is the marked elliptic point. The relation
(p')? = 49> — Gopp — G3 determines Gs.
» In general fi,(u) = u + au® + - is not odd.

_0p=U) ¢
PP = e

Different one-valued exponentials can give the same Buchstaber two-valued family
under modulus square construction.

[Buc90, Kor26a]
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Krichever and Buchstaber: the even part

Use Y2 =4X3 — G,X — Gz and put p = p(p), r = ¢'(p). Then r? = 4p3 — Gop — Gs.
Match parameters by

G 2
a, = —3p, ap; = 3p2 — 72 a3 = —% )
The normalized Buchstaber exponential becomes
1
foc(U) = ——— = u + O().
Velu)—p

Since ®(u, p)®(—u, p) = p — p(u), the Krichever exponential satisfies
ch(u)2 = —fxe(u)fki(—u).
Therefore, for Q(u) = u/f(u),

Ogc(u) =/ Okr(u) Qxe(—u) | Qgc(0) = 1.

This removes every odd term of log Qk;. In the earlier main-theorem notation, G> = g, and
G3 = —gs. [Kor26a, DLMF]
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A class in ker Kr detected by Bc

Proposition (Kornev, 2026)

There exists a class K € Q' such that
Kr(K)=0 inA®Q, Bc(K) = —360as.
Real dimension 12 is minimal for K & ker Kr with Bc(K) # 0.

This concerns separation of kernels. Matched genus values can already differ on
SU-manifolds of real dimension 6.
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Comparison with the Witten genus

The Witten genus is associated with the Weierstrass sigma-function
fwi(u) = o(u; g2, g3)-

For a; = 0, the Buchstaber exponential is

fac(u) = 1 .
o(u; g2, —9gs3)
The first nonzero coefficients are
uo u’ u°
foc(u) = u — 3925' + 90937' + 18995a + O(u™),
u5 u7 ~2u

where g, = g2/2 and g3 = 693. [Wit88]
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Hurwitz integrality

A series

¢, € R,

is called a Hurwitz series over R; we write f(u) € Hgl[[u]]

Proposition (Kornev, 2026)

For a; =0,
1

ch(U) =
p(u; g2, —g3)

is a Hurwitz series over Z|[g2, g3)-
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The minimal Hurwitz ring of fg.

Theorem (Kornev, 2026)
For algebraically independent a1, a3, as,

fac € Hzja,,12a2,360a3][U]];
and this is its minimal Hurwitz coefficient ring inside Q[a1, a2, as)

The key is the divided-power form of the differential equation:
" f3 f5
" =—aif +(12a2 31 (36003)5.

» The coefficients of f¥/k! are integral Bell polynomials in the Hurwitz coefficients of f,
giving integrality by induction.

» The coefficients of u3/3!, u”/5!, and u’ /7! recover a1, 12a5, and 360as, proving
minimality. In particular,

Z|Bc(©,) | n > 1] = Z[a1,12a;,360a3].
[Kor26a]
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Bunkova's minimal Hurwitz ring

Weierstrass obtained (1882) a recursive expansion of the elliptic sigma-function and proved
that its normalized coefficients are integers. Equivalently,

a(u;g2,93) € Hz[%z,zgﬂ[[uﬂ-

Buchstaber—Leikin recovered this recursion from their heat-equation formalism and generalized
the method to higher-genus sigma-functions. [BLOS]

Bunkova asked whether the sharper coefficient ring Z[%, 6g3] already suffices. [Bun17]

Proposition (Kornev, 2026)

a(u; g2, 93) € Hy 5, (U]l
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The Witten exponential and its Hurwitz ring

For this comparison use the same Weierstrass invariants in both functions:

__ v _ . 0(u; 92, 93) _,[92
S K A R 7 R 2[5 603].

The Buchstaber result, with the sign of g3 changed, gives h € Hyg, 00g.[u]] € Hal[u]).

Using {’ = —p and the Weierstrass equation gives
h? h*
1"=92p2 L Bpd— (92) L 269y, L(0) = L/(0) = 0.
AT = (F) 3 209905 0)=110)=0

Integration and composition preserve Hurwitz series, hence

o = het € HA[[U]]
The coefficients of u®/5! and u”/7! are —g»/2 and —6g3; they also prove that A is minimal.
[Kor26a]
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Two analytic variables and a formal variable

The coefficients used below are functions
¢om(T, V), teH, veCcC, qg=eT, y=e
The subscript 0 is the modular weight; m is the Jacobi index.
E. =C/(Z+ tZ), P =|v]e E;.
» T determines the elliptic curve, with periods normalized to 1, T.

» v represents a marked point. Jacobi forms are quasi-periodic in v, so they represent
sections of line bundles on E;.

» u in Q(u) = u/f(u) is a separate formal variable; the coefficients of this series depend
on (7,v).
For an SU-manifold M?9,

EWM; 7,v) € Jy1h.
The condition ¢1(M) = 0 supplies Jacobi modularity; it does not add a variable to a fixed
genus. [Gri99b, AG22]
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Definitions of the four Jacobi generators

Use the three even theta functions and the normalized odd theta function:

_ Oap(T,V) _ R 3
&y = Bop(z.0)’ ab =00,01,10, 0,(7,0) = 2min(1)°.

All factors below have the same arguments (7, v):
A= o1 =45 + &5 + o).
B = o2 = 2(&50801 + S0Si0 + So1$70),

B [ O(r,2v)\? B B
C=d¢o3= ( B(r.v) ) D= ¢o4 =

Their Fourier expansions start with
| A B C D
G y+10+y™" y+4+y" y+24+y " y+1+y!
In particular, (A, B, C, D)(t,0) = (12,6, 4, 3). The displayed theta quotients extend
holomorphically at lattice points. [Gri99b, Gri99, AG22]
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The elliptic genus on complex cobordism

Put L =7+ tZ and
O(t,v) O,(t,v)

h - ) g = ]
9,(t,0) W= S
Gritsenko’s theta expression has Chern-root factor
~ - O(t,v+x/(2mi))
Q) =X =g xizni)
With ¢ = 2ih, the series Q(u) = ¢~'Q(cu) gives the same genus: the factors ¢=¢ and c?
cancel in complex dimension d.

y1 = h¥(v).

Normalized characteristic series and exponential

O(t, v+ hu)
9(t, hu) '

O(t, hu)

feulu) = 9(t, v+ hu)

Qeu(u) = u

These define ELll on all of Q. The condition ¢; = 0 is used for Jacobi modularity, not for
this characteristic-series identity. [Gri99b]
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The full EU-Kr identity

Write p for the Krichever marked point. With n1 = {;(1/2),

Ird — e, =t -amw

Recall the full Krichever exponential:

o (u)or(p) ela=Cup)u

o(p — u)
Substitute p = —v and a = —¢(v) in this expression.

fkelu; L p, ) =

Equality of normalized series

feu(u) = %fK,(hu; L,—v,—¥€(v)).
Qceu(v) = Ok (hu; L, —v, —£(v)).

For every stably complex M?9, this gives EW(M; T,v) = hIKr(M; L, —v, —£(v)).
[Kri90, Bun22, DLMF]
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The coefficient map is induced by the genus

Use I = Q[a, p, r, Gy], where p = p;(p), r = pj(p). Define
O(t, 2v ,
H=fnan = - )) = ), i = e
The exponential identity induces the homomorphism @:
A
pla) ==y, @lp)=hp(v) = .
/42
p(r)=H, @(G)=h'Gy(L) = 75— 2B

Thus fey = @(fk:) and Qg = @(Ok;), coefficient by coefficient.

Ell = ¢ o Kr on all of Q.

For example, Kr(CP') = —2a maps to EI[(CP") = 2y;; the linear parameter is retained.
[Kri90, AG22, DLMF]
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Ell and Kr genera in low degrees

For closed SU-manifolds, write (P)ys = (P,[M]). The preceding map gives
EW(M) = @(Kr(M)); ¢1 = 0 removes a.

Ke(M*) = p(ca)u,  EWM*) = 55 {co)m,
Kr(M°) = 5(cshm,  EWM®) = B{cs)u.

2
Kr(M®8) = p <c4>M +%(c3 - 2c4)

M
EW(M®) = 720 (352 — ca)m + 10<2C4 S
Kr(M'2) = 2(—c3 + 3cacs — 263 + 4co)u

+ ‘;fg(Scz — 804 4 3¢5 — 6c5)um

+ 28(62 —3cy¢4 4+ 265 + 3c6)m,
EWM™) = A55(10¢3 — 9cacs — ¢ + 2c5)
+ 840( 5¢3 4 8cacq — 3¢5 + 66w

+ %(CS — 304 + ch + 366>M~

[Gri99, AG22, DLMF]
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The full rational coefficient ring of ELll

The map ¢ is injective, as shown next. It identifies the rational images:
K =Kr(Qu® Q) ? & = EWQu® Q) = Q[y1, A B, H|.
Keeping all four integral-index Jacobi generators visible, the same ring is

g,z Un.ABCD H]
T(HZ=C, 4D—AC+B?) |

In the cobordism grading,

'vw A H B C D
deg| =2 —4 —6 —8 —12 —16

Here C = H? and D = (AH? — B?)/4. On SU-manifolds the factor "' disappears,

leaving values in Q[A, B, H]; odd complex dimensions can involve H.

The integral-index Jacobi ring Q[A, B, C] is a subring of the full target.

[Bun22, GW20]
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The integral image rings are isomorphic

Define the actual images of integral complex cobordism:

RKr,Z = Kr(Qu) C K, REL[,Z = Ell(Qu) C 5@
The identity EL(M) = @(Kr(M)) compares the value of the same bordism class on both
sides. Since ¢ is injective,

Consequence for genus images

¢: Rz — Rewz, ker EIl = ker Kr.

[Kri90, Bun22]
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Associativity as a relation among four parameters

Pute; =x+y+2z e =xy +xz+ yz and e3 = xyz. Consider
P, = ef —4es + kres + kseres + kgeses + kgé‘%.
As a quadratic equation in z, P, = 0 defines a two-valued correspondence near the origin.

Theorem (Buchstaber-Kornev—Rubtsov—Veselov)

The associativity condition is
dkg = ki — koks.
Its integral parameter ring is
R = Zlky, ks, ko, ks]/(4kg — kZ + kaks).

The symmetric formal-group interpretation is used after inverting 2. The integral
presentation will connect this family to Jacobi forms. [BV19, BKR26]
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The same integral relation in Gritsenko'’s result

Let A= ¢o1, B= ¢02, C = ¢o3, D = ¢ 4. All four have modular weight O; their Jacobi
indices are 1,2, 3,4. Here j&z denotes the ring with integral indices.

Theorem (Gritsenko, 1999)

J“E = 7]A, B, C, DJI(4D — AC + B?).
The generators A, B, C are algebraically independent.

The two-valued family has the following isomorphism of graded parameter rings:
R 5 1"l (ko ka, ks, kg) — (A, =B, C,=D),

where deg k2, = m is the Jacobi index.

Over Q, three generators suffice. Over Z, the fourth generator records the divisibility
of AC — B? by 4.

[Gri99, BKR26]
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Jacobi forms specialize the Buchstaber parameters

The two presentations of the two-valued family are related by

k2 = —401, k4 = —202, k6 = —403, kg = 02 40103
Applying the same ¢ to a; = —3p, a; = 3p?> — Gy/4, a3 = —r?/4 gives
A B C
a) = _Zr ap = 5! as = _Z .

For every closed oriented manifold M*", homogeneity gives
w,Q
Be)(M; T, v) = BcM) (4, 00.05)=(-Ar4.8/2,—C14) € Jom -
Every monomial 0'11 0'220’33 with iy + 2i> + 3i3 = m acquires Jacobi index m.

This is a Jacobi-valued oriented genus; no ¢; = 0 assumption is needed. Its rational

Fourier coefficients need not be integral.

[BKR26, Gri99]



The Jacobi specialization of Bc is the even part

Use h = U(t,v)/0,(t,0) and the normalized series
O(t, v+ hu)
Qeu(u) = u W
The sigma addition formula gives, with p, = p(v),
Qeu(u) Qeu(—u) = h*u?(p(hu) — p.).
The Jacobi normalizations give

Qeu(0) = 1.

A=12hp,, B =2h* (3p5 — %) , C = h%'(v)*.
Thus the matched Buchstaber series satisfies
AB C
Ose,(t) = v/ Qcu(u) Qeu(—u) |, (a1, a2, 03) = (_Z' > _Z) .

The square root has constant term 1; the theta normalization is 9,(t, 0) = 2min(t)>.
[AG22, DLMF]
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The complete odd logarithmic correction

Since Op,(u) = \/QEu(u)QEu( u), the ratio is determined by the odd logarithmic part:
QE[[(U) 1 19(T,V+ hu)

log Oso(u) 2 90(t,v—hu)
For odd kK > 1, define
p o
vi(T,v) = h Ik log 9(t, w) )

The derivative acts on O; h = h(t,v) is held fixed. Taylor expansion gives the exact formal
identity

2r+1

Qeu(u) = Qg (u) exp (Z Var+1(T, v)(2 )1

r>0

It retains every odd correction, beginning with the linear term.
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The comparison in every dimension

Let M?? be a closed stably complex manifold, with stable tangent Chern roots x;. Define
the characteristic classes

Cae,(TM) = |_| OB, (%)), chi(TM) = %l ZX

Multiplying the series identity over all roots gives

General characteristic-class comparison

EWM; T, v) = <CBC/(T/\/I) exp (Z Yari1(T, V) ch2r+1(T/\/I)) ,[/v/]> .

r>0

Only cohomological degree 2d contributes, so the sum is finite in each dimension. The
factorials are already contained in chy.

» On SU-manifolds, chy = ¢4 = 0 removes y;c;.
» If all odd Chern-character classes vanish, the two genera agree.

No SU hypothesis is required for the displayed identity.
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Agreement on symplectic cobordism and St

Quaternionic tangent Chern roots occur in pairs x;, —x;, so

Qru(x:) Qeu(—xi) = O, (X)) O, (—xi)-

Proposition (Kornev, 2026)

For every X € St,
EL(X) = Bey(X).

For general SU-manifolds, ¢1 = 0 but higher odd Chern classes can survive.

(BK26]
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The comparison in real dimensions 4, 8, and 10

For closed SU-manifolds, put A = ¢o,1, B = ¢o2, and H = ¢ 32

2
EUM®) = Bo/(M?) = 2(3 — i [M])
+ (26— G (M)
BgM'%) =0,  EWM') = 2’:@5,[/\/1]).

Here y3 = H and y5 = AH. In real degree 10,
A H AR A
P Y R Y
The odd correction first contributes in a dimension divisible by 4 in real dimension 12. [AG22]
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The correction in real dimension 12

Theta duplication gives

_0m ) 2 _
H= gy =P H=C

Since (log 9)” = —g', the odd part is

H
log Qe (u) — log Qg (u) = y1u + Eu3 + O(u°).

Write s; = l.x{ for tangent Chern roots. If ¢; = 0, then s = 0 and s3 = 3c¢3. In complex
degree six, the extra contribution is
THL) 2 €
2167 8™
Proposition (Kornev, 2026)
For every closed SU-manifold M'?,

EU(M) = Be/(M) + g (3, [M]) dos
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Information beyond the Ochanine genus and x

Write Och = Bc|q,-0, and let x be the top Chern number genus.

Theorem (Buchstaber-Kornev, 2026)

For every n > 5, there are X,, Y, € A=*" such that
Och(X,) = Och(Ya) =0, x(Xu) = x(Ya),
but
Bc(X,) — Be(Y,) = 128(4a1)" 2 as(af — 3az) # 0.
The classes X, Y, and X, — Y, are all indecomposable, even after rationalization.

Thus Bc detects information on St that the pair (Och, x) does not determine. [BK26]
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Spin manifolds: the first obstruction in dimension 24

The genus extends to oriented cobordism by the composite, with A = Z[1/2, a1, a2, a3),

Q50 — Q5O[1/2] Z Q5P[1/2] — QY[1/2] 25 A.
Call a value integral when it belongs to Z[a1, a», a3).

Theorem (Buchstaber—Kornev, 2026)

dimM < 24 : every spin (and hence Calabi—Yau) manifold M has integral Bc(M);

dimM = 24 : every string class [M] has integral Bc(M),
but not every spin class does.

The Anderson-Brown—Peterson manifold. The closed spin manifold £2%5 has odd Pontryagin
number sg(p1, ..., po)[Zasp] =1 (mod 2). Its existence follows from the ABP calculation of spin

cobordism. It answered Milnor's question and shows that his criterion first fails in dimension 24.
[Mil65, ABP67]
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Cohomology theories for the Buchstaber genus

Put
A = Disc(t? — a1t* + at — a3).

Theorem (Kornev, 2026)

1. There exists a complex-oriented multiplicative commutative cohomology theory

Be(A],  Be(pyia] 2 Z[% 01, a2 a5, A—1] ,

whose orientation induces the localized Buchstaber genus.

2. There exists a complex-oriented multiplicative commutative cohomology theory Bc*(—) whose
coefficient homomorphism realizes

1
Bc: Qu — Z[E ai, ar, 03] .

Both theories are obtained by the method of Landweber, Ravenel, Stong, and Mironov. [LRS95]
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Conclusions: the four genera

1. The Buchstaber exponential satisfies (f5 ) = 1 — a1f3, + axfg. — asf§.. Its
oddness links the genus to quaternionic and oriented cobordism.

2. The specialization a3 = 0 is Ochanine’s genus. The degree-12 class K separates
Bc from Krichever's genus by Bc(K) = —360as.

3. The minimal Hurwitz rings are Z[a4, 12a,,360a3] for fg. and Z[g2/2,6¢3] for the
Witten exponential o.

4. Spin and string integrality lead to topological applications; complex-oriented
multiplicative cohomology theories realize Bc.

5. Bce is the even multiplicative symmetrization of Kr. The faithful map ¢ gives
Ell = ¢ o Kr and identifies their integral genus images.
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Thank you for your attention!
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