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From characteristic series to genera

Let R be a commutative Q-algebra and choose a series
Q(z) = 1 + q1z + q2z2 + · · · ∈ R [[z]].For a closed stably complex manifold M2n with tangent Chern roots x1, . . . , xr , itsHirzebruch genus is

φQ(M) = 〈 r∏
j=1 Q(xj ), [M ]〉 .

▶ Take the component of cohomological degree 2n before evaluating.
▶ Disjoint union and Cartesian product give addition and multiplication: φQ : ΩU −→ R isa ring homomorphism.
The same genus is encoded by the strict series f (z) = z/Q(z), called its exponential.
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The geometric meaning of logarithm and exponentialLet g = f−1 under composition. The associated formal group is
F (u, v ) = f

(
g(u) + g(v )), g(F (u, v )) = g(u) + g(v ).Two geometric families recover all coefficients:
g(u) = u +∑

n≥1 φ(CPn) un+1
n + 1 ,

f (u) = u +∑
n≥1 φ(Θn) un+1(n + 1)! .

Here Θn is a smooth theta divisor in a general principally polarized abelian variety ofdimension n + 1.
Inverting a formal series relates projective spaces to theta divisors; the different
denominators carry arithmetic information.

[BV24, BK26]
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One-dimensional n-valued formal groups

Buchstaber and Novikov introduced two-valued formal groups in connection with complex andsymplectic cobordism, as well as the modulus-square construction from one-valued to two-valuedformal groups. [BN71]
DefinitionLet R be a commutative ring. A one-dimensional n-valued formal group is encoded by a monicpolynomial

P(Z ; x, y) = Z n − θ0(x, y)Z n−1 + · · ·+ (−1)nθn−1(x, y) ∈ R [[x, y]][Z ].Its roots define the unordered product
x ∗ y = [z1, . . . , zn], P(zj ; x, y) = 0,which is associative, has a unit 0 with x ∗ 0 = 0 ∗ x = [x, . . . , x ], and admits an inverse inv(x) with0 ∈ x ∗ inv(x) and 0 ∈ inv(x) ∗ x .
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Buchstaber’s two-valued classification
Theorem (Buchstaber, 1975)Let R be an integral-domain Q-algebra. Every commutative two-valued formal group isstrongly isomorphic either to the elementary cyclic law

G2 : x ∗ y = [(√x +√y)2, (√x −√y)2],
or to the diagonal law

x ∗ y = [x + y, x + y].
If z1, z2 are the roots of P(Z ; x, y), a strict series B(x) = x + O(x2) gives a strongisomorphism P ⇝ Q when

2∏
j=1
(
Z − B(zj )) = Q

(
Z ; B(x), B(y)).

For Q = G2, the series B is called the logarithm; Buchstaber found it explicitly. [Buc75]5/47



From associativity to an additive coordinate
For a one-dimensional formal group law over a Q-algebra, associativity and a two-sidedunit give an additive coordinate.
The invariant differential and logarithmPut

ω(u) = ∂F (u, v )
∂v

∣∣∣∣
v=0 , g(u) = ∫ u

0
dt

ω(t) .Differentiating associativity at the unit gives
ω(F (u, v )) = ∂F (u, v )

∂v ω(v ), g(F (u, v )) = g(u) + g(v ).
Hence commutativity follows from associativity and the unit.Abel assumed the stronger condition that F (z, F (x, y)) is symmetric in x, y, z. [Abel26, Haz78]
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An n-valued analogue of Abel’s theorem
Assume associativity and a strong two-sided unit. In the formal setting,

P(Z ; x, 0) = (Z − x)n, P(Z ; 0, y) = (Z − y)n.

Theorem (Kornev, 2026)Over a reduced commutative Q-algebra, every one-dimensional formal n-valuedmultiplication with these properties is commutative:
P(Z ; x, y) = P(Z ; y, x).

Theorem (Kornev, 2026)Over a field of characteristic zero, every associative algebraic n-valued monoid on P1 witha strong two-sided unit is commutative.No inverse axiom is required. Over an arbitrary commutative Q-algebra, the coefficients of
P(Z ; x, y)− P(Z ; y, x) lie in the nilradical. [Kor, in prep.]
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Complete classification by divisors of nLet R be an integral-domain Q-algebra and P an associative one-dimensional formal
n-valued multiplication with a strong two-sided unit.
Theorem (Kornev, 2026)There is a unique divisor m | n and a strong coordinate B(t) = t + O(t2) ∈ R [[t]] such that,for the roots zν of P ,

n∏
ν=1(W −B(zν)) = pm(W ; B(x), B(y))n/m .

Here pm is the polynomial of the elementary cyclic law Gm:
pm(W ; X, Y ) = m−1∏

j=0
(

W −
(

m
√

X + ζ j
m

m
√

Y
)m)

.

The divisor m is the generator’s differential order and the number of distinct generic values;each value occurs with multiplicity n/m.DiscZ P ̸= 0 ⇐⇒ m = n.This proves Kholodov’s divisor classification conjecture in this setting. [Kor, in prep.]8/47



Where the two values come from

Along CP∞ → HP∞, a quaternionic line restricts to η ⊕ η̄. For two such lines, the complextensor product splits as (η1 ⊕ η̄1)⊗ (η2 ⊕ η̄2) = ξ+ ⊕ ξ−,
ξ+ = η1η2 ⊕ η̄1η̄2, ξ− = η1η̄2 ⊕ η̄1η2.Each ξ± is a quaternionic line of the form L ⊕ L̄. Writing u = cU1 (η1) and v = cU1 (η2) gives

x = uū, y = v v̄ ,
z+ = F (u, v )F (ū, v̄ ), z− = F (u, v̄ )F (ū, v ).The symmetric functions z+ + z− and z+z− lie in ΩU[[x, y]]. [BK26, BN71]
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Weak units and polynomial pullbacks
Example (Kornev)The multiplication

x ∗ y = [x + y, x − y]defines an associative two-valued algebraic multiplication on A1. Since x ∗ 0 = [x, x ] and 0 ∗ x = [x,−x ], the element 0 is aweak unit, but not a strong unit.
weak unit: x ∈ 0 ∗ x and x ∈ x ∗ 0 strong unit: 0 ∗ x = x ∗ 0 = [x, . . . , x ]

Proposition (Kornev, 2026)Let P(Z ; x, y) = 0 represent an algebraic n-valued monoid on A1
C with strong unit 0. Let T ∈ C[z] be monic of degree

m ≥ 2 with T (0) = 0. Then
PT (Z ; x, y) := P

(
T (Z ); T (x), T (y)) = 0defines an associative algebraic mn-valued monoid with weak unit 0. If P is commutative, then so is PT .

Example: the Fermat curve. Pulling back the additive algebraic group by T (z) = zn gives
PFn (Z ; x, y) = Z n − xn − yn, x ∗Fn y = [ζk

n
n
√

xn + yn
]n−1

k=0 .Thus 0 ∗ y = y ∗ 0 = [ζk
ny]n−1

k=0 , so 0 is weak but not strong for n > 1. [BK26]10/47



Buchstaber’s universal two-valued family
In 1990 Buchstaber introduced

Ba(z; x, y) = (x + y + z − a2xyz)2
− 4(1 + a3xyz)(xy + yz + xz + a1xyz), a = (a1, a2, a3).Each Ba defines a two-valued formal group and is universal among modulus squaresof the formal groups

F (u, v ) = u2λ1(v )− v2λ1(u)
uλ2(v )− vλ2(u) .

[Buc90]
Buchstaber–Krichever family F modulus square−−−−−−−−→ Ba

modulus square←−−−−−−−− formal group FBcThe modulus-square construction is not injective: distinct one-valued formal groupscan determine the same two-valued law. 11/47



Theorem (Kornev, 2026): the formal group FBcPut
Ra(t) = 1− a1t2 + a2t4 − a3t6.

▶ Then
FBc(u, v ) = (u

√
Ra(v )− v

√
Ra(u)

u2 − v2
)2 + a3u2v2

−1/2

is a one-dimensional formal group law with formal inverse u = −u.
▶ Its modulus square is exactly the two-valued law Ba(z; x, y).
▶ Its exponential is odd, a fact used below for the values on thetadivisors. 12/47



Theorem (Kornev, 2026): logarithms and exponentials
▶ Define

g2 = 4(a213 − a2
)

, g3 = 4(a1a23 − 2a3127 − a3
)

.

Two-valued law Ba

B(x) = (∫ √x

0
dt√1 + a1t2 + a2t4 + a3t6

)2
B−1(x) = 1

℘(√x; g2, g3)− a1/3 .

One-valued law FBc
gBc(u) = ∫ u

0
dt√1− a1t2 + a2t4 − a3t6 fBc(u) = 1√

℘(u; g2, −g3) + a1/3 .

For singular Weierstrass cubics, ℘ is understood through degeneration of the σ-function.13/47



The differential equation behind the Buchstaber genus

The logarithm determines the exponential without elliptic functions:
g′Bc(u) = 1√1− a1u2 + a2u4 − a3u6 ,

(f ′Bc)2 = 1− a1f2Bc + a2f4Bc − a3f6Bc.With f (0) = 0 and f ′(0) = 1, differentiating gives
f ′′ = −a1f + 2a2f3 − 3a3f5.This recursively determines every Taylor coefficient. For example,

f (u) = u − a16 u3 + a21 + 12a2120 u5 + O(u7).
▶ The solution is odd, so QBc(u) = u/fBc(u) is even.
▶ Consequently the genus vanishes in odd complex dimensions and extends to orientedcobordism after inverting 2. [Kor26a]
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Theorem (Kornev, 2026): universality
▶ Universality. Over commutative Z[1/2]-algebras, FBc is universal amongone-valued formal group laws whose formal inverse is −u and whose modulussquare is Ba.
▶ Krichever–Ochanine specialization. The law FBc belongs to Buchstaber’sKrichever family F if and only if a3 = 0. This specialization is the Ochaninegenus.
▶ Genus Bc. The corresponding Hirzebruch genus is

Bc : ΩU −→ Z
[12 , a1, a2, a3

]
, deg ai = −4i.

The defining characteristic series first gives a rational genus; the integralformal group law gives the stated target. [Kor26a]
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Ochanine’s elliptic quartic

Put δ = a1/2 and ε = a2. Then
gOch(u) = ∫ u

0
dt√1− 2δt2 + εt4 ,

(f ′Och)2 = 1− 2δf2Och + εf4Och.
▶ This is the invariant integral on the elliptic quartic y2 = 1− 2δt2 + εt4, when the curveis nonsingular.
▶ The formal power series still make sense at singular parameters.
The intersection of the two familiesOver Q, the Buchstaber law FBc lies in the Buchstaber–Krichever family F precisely when
a3 = 0; this is the Ochanine genus.Thus the third parameter records the departure from the Ochanine specialization. [Kor26a]
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Classical genera as specializations of Bc
Genus (a1, a2, a3) Exponential f (u) Q(u) = u/f (u)
Signature L (2, 1, 0) tanh u utanh u
Â (− 14 , 0, 0) 2 sinh(u/2) u2 sinh(u/2)Top Chern χ̃ (−3, 3, −1) u√1− u2

√1− u2

▶ Â = Td when c1 = 0, and the two genera agree on St.
▶ χ̃ |St = χ|St, where χ(M2d) = ⟨cd(TM), [M ]⟩ is the top Chern genus.For an almost complex manifold, χ(M) is its Euler number.The Stong ring St ⊂ ΩU is defined degreewise bySt−2d = {X ∈ Ω−2dU | cI [X ] = 0 for every I ⊢ d with an odd part}.Here cI [X ] = ⟨ci1 · · · cis , [X ]⟩ is an ordinary tangent Chern number. Equivalently, X ∈ St iff2rX ∈ im(ΩSp → ΩU) for some r ≥ 0. [HBJ92, Buc78, BK26]17/47



Theta divisors and CPn’s

Theta divisors

fBc(u) = u +∑
n≥1 Bc(Θn) un+1(n + 1)!Bc(Θ2m+1) = 0Bc(Θ2) = −a1Bc(Θ4) = a21 + 12a2Bc(Θ6) = −a31 − 132a1a2 − 360a3

Complex projective spaces

gBc(u) =∑
n≥0 Bc(CPn) un+1

n + 1
Bc(CP2m+1) = 0Bc(CP2) = a12Bc(CP4) = 3a21 − 4a28Bc(CP6) = 5a31 − 12a1a2 + 8a316

Proposition (Kornev, 2026)For every n ≥ 1, Bc(Θn) ∈ Z[a1, a2, a3].Thus no factor 1/2 is needed for theta divisors. [Kor26]
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The Krichever genus and the Baker–Akhiezer function

The Krichever exponential is
fKr(u) = eαuΦ(u, ρ) , Φ(u, ρ) = σ (ρ − u)

σ (ρ)σ (u)eζ(ρ)u.Here ζ = σ ′/σ . Over Q, the four parameters are
b1 = α, b2 = ℘(ρ), b3 = ℘′(ρ), b4 = G2, deg bi = −2i.

▶ Here u is the formal variable and ρ is the marked elliptic point. The relation(℘′)2 = 4℘3 −G2℘ − G3 determines G3.
▶ In general fKr(u) = u + αu2 + · · · is not odd.
Different one-valued exponentials can give the same Buchstaber two-valued family
under modulus square construction.

[Buc90, Kor26a]
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Krichever and Buchstaber: the even part
Use Y 2 = 4X 3 −G2X − G3 and put p = ℘(ρ), r = ℘′(ρ). Then r2 = 4p3 −G2p − G3.Match parameters by

a1 = −3p, a2 = 3p2 − G24 , a3 = −r24 .The normalized Buchstaber exponential becomes
fBc(u) = 1√

℘(u)− p
= u + O(u3).

Since Φ(u, ρ)Φ(−u, ρ) = p − ℘(u), the Krichever exponential satisfies
fBc(u)2 = −fKr(u)fKr(−u).Therefore, for Q(u) = u/f (u),

QBc(u) = √QKr(u)QKr(−u) , QBc(0) = 1.This removes every odd term of log QKr. In the earlier main-theorem notation, G2 = g2 and
G3 = −g3. [Kor26a, DLMF]
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A class in ker Kr detected by Bc
Proposition (Kornev, 2026)There exists a class K ∈ Ω−12U such that

Kr(K ) = 0 in A ⊗Q, Bc(K ) = −360a3.

Real dimension 12 is minimal for K ∈ ker Kr with Bc(K ) ̸= 0.This concerns separation of kernels. Matched genus values can already differ on
SU-manifolds of real dimension 6.
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Comparison with the Witten genusThe Witten genus is associated with the Weierstrass sigma-function
fWt(u) = σ (u; g2, g3).For a1 = 0, the Buchstaber exponential is

fBc(u) = 1√
℘(u; g2, −g3) .The first nonzero coefficients are

fBc(u) = u − 3g2 u55! + 90g3 u77! + 189g22 u99! + O(u11),
fWt(u) = u − g̃2 u55! − g̃3 u77! − 9g̃ 22 u99! + O(u11),

where g̃2 = g2/2 and g̃3 = 6g3. [Wit88]22/47



Hurwitz integrality

A series
f (u) = u +∑

n≥1 cn
un+1(n + 1)! , cn ∈ R,

is called a Hurwitz series over R ; we write f (u) ∈ HR [[u]].
Proposition (Kornev, 2026)For a1 = 0,

fBc(u) = 1√
℘(u; g2, −g3)is a Hurwitz series over Z[g2, g3].
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The minimal Hurwitz ring of fBc
Theorem (Kornev, 2026)For algebraically independent a1, a2, a3,

fBc ∈ HZ[a1,12a2,360a3][[u]],and this is its minimal Hurwitz coefficient ring inside Q[a1, a2, a3].The key is the divided-power form of the differential equation:
f ′′ = −a1f + (12a2) f33! − (360a3) f55! .

▶ The coefficients of fk /k! are integral Bell polynomials in the Hurwitz coefficients of f ,giving integrality by induction.
▶ The coefficients of u3/3!, u5/5!, and u7/7! recover a1, 12a2, and 360a3, provingminimality. In particular,

Z[Bc(Θn) | n ≥ 1] = Z[a1, 12a2, 360a3]. [Kor26a]24/47



Bunkova’s minimal Hurwitz ring

Weierstrass obtained (1882) a recursive expansion of the elliptic sigma-function and provedthat its normalized coefficients are integers. Equivalently,
σ (u; g2, g3) ∈ HZ[ g22 ,2g3][[u]].

Buchstaber–Leikin recovered this recursion from their heat-equation formalism and generalizedthe method to higher-genus sigma-functions. [BL05]Bunkova asked whether the sharper coefficient ring Z
[g22 , 6g3] already suffices. [Bun17]

Proposition (Kornev, 2026)

σ (u; g2, g3) ∈ HZ[ g22 ,6g3][[u]].
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The Witten exponential and its Hurwitz ring

For this comparison use the same Weierstrass invariants in both functions:
h(u) = 1√

℘(u; g2, g3) , L(u) = log σ (u; g2, g3)
h(u) , A = Z

[g22 , 6g3] .

The Buchstaber result, with the sign of g3 changed, gives h ∈ HZ[3g2,90g3][[u]] ⊂ HA[[u]].Using ζ ′ = −℘ and the Weierstrass equation gives
L′′ = g24 h2 + g32 h4 = (g22 ) h22! + 2(6g3)h44! , L(0) = L′(0) = 0.Integration and composition preserve Hurwitz series, hence

σ = heL ∈ HA[[u]].The coefficients of u5/5! and u7/7! are −g2/2 and −6g3; they also prove that A is minimal.[Kor26a]
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Two analytic variables and a formal variable

The coefficients used below are functions
φ0,m(τ, v ), τ ∈ H, v ∈ C, q = e2πiτ , y = e2πiv .The subscript 0 is the modular weight; m is the Jacobi index.

Eτ = C/(Z + τZ), P = [v ] ∈ Eτ .
▶ τ determines the elliptic curve, with periods normalized to 1, τ .
▶ v represents a marked point. Jacobi forms are quasi-periodic in v , so they representsections of line bundles on Eτ .
▶ u in Q(u) = u/f (u) is a separate formal variable; the coefficients of this series dependon (τ, v ).For an SU-manifold M2d, Ell(M; τ, v ) ∈ Jw,Z0,d/2.The condition c1(M) = 0 supplies Jacobi modularity; it does not add a variable to a fixedgenus. [Gri99b, AG22]
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Definitions of the four Jacobi generators

Use the three even theta functions and the normalized odd theta function:
ξab = θab(τ, v )

θab(τ, 0) , ab = 00, 01, 10, θv (τ, 0) = 2πi η(τ)3.All factors below have the same arguments (τ, v ):
A = φ0,1 = 4(ξ200 + ξ201 + ξ210),
B = φ0,2 = 2(ξ200ξ201 + ξ200ξ210 + ξ201ξ210),
C = φ0,3 = (θ (τ, 2v )

θ (τ, v )
)2

, D = φ0,4 = θ (τ, 3v )
θ (τ, v ) .Their Fourier expansions start with

A B C D[q0] y + 10 + y−1 y + 4 + y−1 y + 2 + y−1 y + 1 + y−1In particular, (A, B, C, D)(τ, 0) = (12, 6, 4, 3). The displayed theta quotients extendholomorphically at lattice points. [Gri99b, Gri99, AG22]
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The elliptic genus on complex cobordism
Put L = Z + τZ and

h = θ (τ, v )
θv (τ, 0) , ℓ(v ) = θv (τ, v )

θ (τ, v ) , γ1 = hℓ(v ).Gritsenko’s theta expression has Chern-root factor
Q̃(x) = x θ (τ, v + x/(2πi))

θ (τ, x/(2πi)) .

With c = 2πih, the series Q(u) = c−1Q̃(cu) gives the same genus: the factors c−d and cdcancel in complex dimension d.
Normalized characteristic series and exponential

QEll(u) = u θ (τ, v + hu)
θ (τ, hu) , fEll(u) = θ (τ, hu)

θ (τ, v + hu) .These define Ell on all of ΩU. The condition c1 = 0 is used for Jacobi modularity, not forthis characteristic-series identity. [Gri99b]
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The full Ell–Kr identity
Write ρ for the Krichever marked point. With η1 = ζL(1/2),

θ (τ, z)
θv (τ, 0) = e−η1z2σL(z), ℓ(v ) = ζL(v )− 2η1v.Recall the full Krichever exponential:

fKr(u; L, ρ, α) = σL(u)σL(ρ)
σL(ρ − u) e(α−ζL(ρ))u.Substitute ρ = −v and α = −ℓ(v ) in this expression.

Equality of normalized series

fEll(u) = 1
hfKr(hu; L,−v,−ℓ(v )).

QEll(u) = QKr(hu; L,−v,−ℓ(v )).For every stably complex M2d, this gives Ell(M; τ, v ) = hdKr(M; L,−v,−ℓ(v )).[Kri90, Bun22, DLMF]
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The coefficient map is induced by the genus

Use K = Q[α, p, r, G2], where p = ℘L(ρ), r = ℘′L(ρ). Define
H = φ0,3/2 = θ (τ, 2v )

θ (τ, v ) = −h3℘′L(v ), γ1 = hℓ(v ).The exponential identity induces the homomorphism φ:
φ(α) = −γ1, φ(p) = h2℘L(v ) = A12 ,

φ(r) = H, φ(G2) = h4G2(L) = A212 − 2B.Thus fEll = φ(fKr) and QEll = φ(QKr), coefficient by coefficient.
Ell = φ ◦ Kr on all of ΩU.For example, Kr(CP1) = −2α maps to Ell(CP1) = 2γ1; the linear parameter is retained.[Kri90, AG22, DLMF]
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Ell and Kr genera in low degrees
For closed SU-manifolds, write ⟨P⟩M = ⟨P, [M ]⟩. The preceding map givesEll(M) = φ(Kr(M)); c1 = 0 removes α .Kr(M4) = p⟨c2⟩M , Ell(M4) = A12⟨c2⟩M ,Kr(M6) = r2⟨c3⟩M , Ell(M6) = H2 ⟨c3⟩M .Kr(M8) = p2⟨c4⟩M + G220 ⟨c22 − 2c4⟩M ,Ell(M8) = A2720⟨3c22 − c4⟩M + B10⟨2c4 − c22⟩M .Kr(M12) = p37 ⟨−c32 + 3c2c4 − 2c23 + 4c6⟩M+ pG2140 ⟨5c32 − 8c2c4 + 3c23 − 6c6⟩M+ r228⟨c32 − 3c2c4 + 2c23 + 3c6⟩M ,Ell(M12) = A360480⟨10c32 − 9c2c4 − c23 + 2c6⟩M+ AB840⟨−5c32 + 8c2c4 − 3c23 + 6c6⟩M+ H228 ⟨c32 − 3c2c4 + 2c23 + 3c6⟩M . [Gri99, AG22, DLMF]
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The full rational coefficient ring of Ell
The map φ is injective, as shown next. It identifies the rational images:

K = Kr(ΩU ⊗Q) ∼−−→
φ
EQ = Ell(ΩU ⊗Q) = Q[γ1, A, B, H ].Keeping all four integral-index Jacobi generators visible, the same ring is

EQ ∼= Q[γ1, A, B, C, D, H ](H2 − C, 4D − AC + B2) .

In the cobordism grading,
γ1 A H B C Ddeg −2 −4 −6 −8 −12 −16Here C = H2 and D = (AH2 − B2)/4. On SU-manifolds the factor eγ1c1 disappears,leaving values in Q[A, B, H ]; odd complex dimensions can involve H .

The integral-index Jacobi ring Q[A, B, C ] is a subring of the full target.

[Bun22, GW20]
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The integral image rings are isomorphic

Define the actual images of integral complex cobordism:
RKr,Z = Kr(ΩU) ⊂ K, REll,Z = Ell(ΩU) ⊂ EQ.The identity Ell(M) = φ(Kr(M)) compares the value of the same bordism class on bothsides. Since φ is injective,

Consequence for genus images

φ : RKr,Z ∼−−→ REll,Z, ker Ell = ker Kr.
[Kri90, Bun22]
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Associativity as a relation among four parameters

Put e1 = x + y + z, e2 = xy + xz + yz, and e3 = xyz. Consider
P2 = e21 − 4e2 + k2e3 + k4e1e3 + k6e2e3 + k8e23.As a quadratic equation in z, P2 = 0 defines a two-valued correspondence near the origin.

Theorem (Buchstaber–Kornev–Rubtsov–Veselov)The associativity condition is 4k8 = k24 − k2k6.Its integral parameter ring is
R = Z[k2, k4, k6, k8]/(4k8 − k24 + k2k6).The symmetric formal-group interpretation is used after inverting 2. The integralpresentation will connect this family to Jacobi forms. [BV19, BKR26]
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The same integral relation in Gritsenko’s result
Let A = φ0,1, B = φ0,2, C = φ0,3, D = φ0,4. All four have modular weight 0; their Jacobiindices are 1, 2, 3, 4. Here Jw,Z0,∗ denotes the ring with integral indices.
Theorem (Gritsenko, 1999)

Jw,Z0,∗
∼= Z[A, B, C, D]/(4D − AC + B2).The generators A, B, C are algebraically independent.The two-valued family has the following isomorphism of graded parameter rings:

R ∼−−→ Jw,Z0,∗ , (k2, k4, k6, k8) 7−→ (A,−B, C,−D),where deg k2m = m is the Jacobi index.
Over Q, three generators suffice. Over Z, the fourth generator records the divisibility
of AC − B2 by 4.

[Gri99, BKR26] 36/47



Jacobi forms specialize the Buchstaber parameters

The two presentations of the two-valued family are related by
k2 = −4a1, k4 = −2a2, k6 = −4a3, k8 = a22 − 4a1a3.Applying the same φ to a1 = −3p, a2 = 3p2 −G2/4, a3 = −r2/4 gives

a1 = −A4 , a2 = B2 , a3 = −C4 .

For every closed oriented manifold M4m, homogeneity givesBcJ(M; τ, v ) = Bc(M)|(a1,a2,a3)=(−A/4,B/2,−C/4) ∈ Jw,Q0,m .Every monomial ai11 ai22 ai33 with i1 + 2i2 + 3i3 = m acquires Jacobi index m.
This is a Jacobi-valued oriented genus; no c1 = 0 assumption is needed. Its rational
Fourier coefficients need not be integral.

[BKR26, Gri99]
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The Jacobi specialization of Bc is the even part

Use h = θ (τ, v )/θv (τ, 0) and the normalized series
QEll(u) = u θ (τ, v + hu)

θ (τ, hu) , QEll(0) = 1.The sigma addition formula gives, with pv = ℘(v ),
QEll(u)QEll(−u) = h2u2(℘(hu)− pv

)
.The Jacobi normalizations give

A = 12h2pv , B = 2h4(3p2
v −

G24
)

, C = h6℘′(v )2.Thus the matched Buchstaber series satisfies
QBcJ (u) = √QEll(u)QEll(−u) , (a1, a2, a3) = (−A4 , B2 , −C4

)
.The square root has constant term 1; the theta normalization is θv (τ, 0) = 2πiη(τ)3.[AG22, DLMF]
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The complete odd logarithmic correction

Since QBcJ (u) = √QEll(u)QEll(−u), the ratio is determined by the odd logarithmic part:log QEll(u)
QBcJ (u) = 12 log θ (τ, v + hu)

θ (τ, v − hu) .For odd k ≥ 1, define
γk (τ, v ) = hk ∂k

∂wk log θ (τ, w)∣∣∣∣
w=v

.The derivative acts on θ ; h = h(τ, v ) is held fixed. Taylor expansion gives the exact formalidentity
QEll(u) = QBcJ (u) exp(∑

r≥0 γ2r+1(τ, v ) u2r+1(2r + 1)!
)

.

It retains every odd correction, beginning with the linear term.
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The comparison in every dimensionLet M2d be a closed stably complex manifold, with stable tangent Chern roots xj . Definethe characteristic classes
CBcJ (TM) = ∏

j
QBcJ (xj ), chk (TM) = 1

k! ∑
j

xk
j .

Multiplying the series identity over all roots gives
General characteristic-class comparison

Ell(M; τ, v ) = 〈CBcJ (TM) exp(∑
r≥0 γ2r+1(τ, v ) ch2r+1(TM)) , [M ]〉 .

Only cohomological degree 2d contributes, so the sum is finite in each dimension. Thefactorials are already contained in chk .
▶ On SU-manifolds, ch1 = c1 = 0 removes γ1c1.
▶ If all odd Chern-character classes vanish, the two genera agree.No SU hypothesis is required for the displayed identity. 40/47



Agreement on symplectic cobordism and St
Quaternionic tangent Chern roots occur in pairs xi, −xi, so

QEll(xi)QEll(−xi) = QBcJ (xi)QBcJ (−xi).
Proposition (Kornev, 2026)For every X ∈ St, Ell(X ) = BcJ(X ).For general SU-manifolds, c1 = 0 but higher odd Chern classes can survive. [BK26]
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The comparison in real dimensions 4, 8, and 10
For closed SU-manifolds, put A = φ0,1, B = φ0,2, and H = φ0,3/2.Ell(M4) = BcJ(M4) = A12⟨c2, [M ]⟩.

Ell(M8) = BcJ(M8) = A2720⟨3c22 − c4, [M ]⟩
+ B10⟨2c4 − c22, [M ]⟩.

BcJ(M10) = 0, Ell(M10) = AH24 ⟨c5, [M ]⟩.Here γ3 = H and γ5 = AH . In real degree 10,
A12c2 · H2 c3 + AH24 (c5 − c2c3) = AH24 c5.The odd correction first contributes in a dimension divisible by 4 in real dimension 12. [AG22]
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The correction in real dimension 12Theta duplication gives
H = θ (τ, 2v )

θ (τ, v ) = −h3℘′(v ), H2 = C.Since (log θ )′′′ = −℘′, the odd part islog QEll(u)− log QBcJ (u) = γ1u + H6 u3 + O(u5).Write sj = ∑i x j
i for tangent Chern roots. If c1 = 0, then s1 = 0 and s3 = 3c3. In complexdegree six, the extra contribution is12

(
H6 s3

)2 = C8 c23.

Proposition (Kornev, 2026)For every closed SU-manifold M12,Ell(M) = BcJ(M) + 18 〈c23, [M ]〉φ0,3.

[AG22, DLMF]43/47



Information beyond the Ochanine genus and χ

Write Och = Bc|a3=0, and let χ be the top Chern number genus.
Theorem (Buchstaber–Kornev, 2026)For every n ≥ 5, there are Xn, Yn ∈ Λ−4n such thatOch(Xn) = Och(Yn) = 0, χ(Xn) = χ(Yn),but Bc(Xn)− Bc(Yn) = 128(4a1)n−5a3(a21 − 3a2) ̸= 0.The classes Xn, Yn, and Xn − Yn are all indecomposable, even after rationalization.Thus Bc detects information on St that the pair (Och, χ) does not determine. [BK26]
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Spin manifolds: the first obstruction in dimension 24The genus extends to oriented cobordism by the composite, with A = Z[1/2, a1, a2, a3],ΩSO
∗ −→ ΩSO

∗ [1/2] ∼= ΩSp
∗ [1/2] −→ ΩU

∗ [1/2] Bc−−→ A.Call a value integral when it belongs to Z[a1, a2, a3].
Theorem (Buchstaber–Kornev, 2026)

dim M < 24 : every spin (and hence Calabi–Yau) manifold M has integral Bc(M);dim M = 24 : every string class [M ] has integral Bc(M),but not every spin class does.
The Anderson–Brown–Peterson manifold. The closed spin manifold Σ24ABP has odd Pontryaginnumber s6(p1, . . . , p6)[ΣABP] ≡ 1 (mod 2). Its existence follows from the ABP calculation of spincobordism. It answered Milnor’s question and shows that his criterion first fails in dimension 24.[Mil65, ABP67] 45/47



Cohomology theories for the Buchstaber genus
Put ∆ = Disct

(
t3 − a1t2 + a2t − a3).

Theorem (Kornev, 2026)1. There exists a complex-oriented multiplicative commutative cohomology theory
Bc∗(−)[∆−1], Bc∗(pt)[∆−1] ∼= Z

[12 , a1, a2, a3, ∆−1] ,

whose orientation induces the localized Buchstaber genus.2. There exists a complex-oriented multiplicative commutative cohomology theory Bc∗(−) whosecoefficient homomorphism realizes
Bc : ΩU −→ Z

[12 , a1, a2, a3
]

.

Both theories are obtained by the method of Landweber, Ravenel, Stong, and Mironov. [LRS95]46/47



Conclusions: the four genera

1. The Buchstaber exponential satisfies (f ′Bc)2 = 1− a1f2Bc + a2f4Bc − a3f6Bc. Itsoddness links the genus to quaternionic and oriented cobordism.2. The specialization a3 = 0 is Ochanine’s genus. The degree-12 class K separatesBc from Krichever’s genus by Bc(K ) = −360a3.3. The minimal Hurwitz rings are Z[a1, 12a2, 360a3] for fBc and Z[g2/2, 6g3] for theWitten exponential σ .4. Spin and string integrality lead to topological applications; complex-orientedmultiplicative cohomology theories realize Bc.5. Bc is the even multiplicative symmetrization of Kr. The faithful map φ givesEll = φ ◦ Kr and identifies their integral genus images.
47/47



Thank you for your attention!
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