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One-dimensional n-valued formal groups

Buchstaber and Novikov introduced two-valued formal groups in connection with complex andsymplectic cobordism, as well as the modulus-square construction from one-valued to two-valuedformal groups. [BN71]
DefinitionLet R be a commutative ring. A one-dimensional n-valued formal group is encoded by a monicpolynomial

P(Z ; x, y) = Z n − θ0(x, y)Z n−1 + · · ·+ (−1)nθn−1(x, y) ∈ R [[x, y]][Z ].Its roots define the unordered product
x ∗ y = [z1, . . . , zn], P(zj ; x, y) = 0,which is associative, has a unit 0 with x ∗ 0 = 0 ∗ x = [x, . . . , x ], and admits an inverse inv(x) with0 ∈ x ∗ inv(x) and 0 ∈ inv(x) ∗ x .
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Buchstaber’s two-valued classification
Theorem (Buchstaber, 1975)Let R be an integral-domain Q-algebra. Every commutative two-valued formal group isstrongly isomorphic either to the elementary cyclic law

G2 : x ∗ y = [(√x +√y)2, (√x −√y)2],
or to the diagonal law

x ∗ y = [x + y, x + y].
If z1, z2 are the roots of P(Z ; x, y), a strict series B(x) = x + O(x2) gives a strongisomorphism P ⇝ Q when

2∏
j=1
(
Z − B(zj )) = Q

(
Z ; B(x), B(y)).

For Q = G2, the series B is called the logarithm; Buchstaber found it explicitly. [Buc75]3/23



Commutativity and cyclic classification
Earlier results

▶ Kholodov classifiedthree-valued formal groups upto strong isomorphism.
▶ For every n ≤ 11, he obtainedonly finitely many elementarylaws, i.e. laws withhomogeneous P(Z ; x, y).
▶ In the classical work,commutativity was assumed bydefault.

Theorem (Kornev, 2026)Every n-valued formal group over a reduced Q-algebra iscommutative.
Theorem (Kornev, 2026): classification in generic
caseLet R be an integral-domain Q-algebra and suppose

DiscZ P(Z ; x, y) ̸= 0 in R [[x, y]].
Then P is strictly isomorphic over R to the cyclic law

Gn : x ∗ y = [( n
√

x + ζk
n

n
√y
)n]n−1

k=0 .The commutativity statement is specific to the formal setting: A. Levine constructed a noncommutativetwo-valued group on six points. 4/23



From associativity to an additive coordinate

Figure: Abel’s opening paragraph [Abel26].
Abel assumed the stronger conditionthat F (z, F (x, y)) is symmetric in
x, y, z.

For a one-dimensional formal group law, we startonly from associativity and a two-sided unit.
Differentiate associativity at the unit

⇓
obtain an invariant differential

⇓
integrate it to get an additive coordinate

g(F (x, y)) = g(x) + g(y)Hence, in characteristic zero, commutativity followsfrom associativity and the unit. [Haz78]5/23



Weak units and polynomial pullbacks
ExampleThe multiplication

x ∗ y = [x + y, x − y]defines an associative two-valued formal group. Since x ∗ 0 = [x, x ] and 0 ∗ x = [x,−x ], the element 0 is a weak unit, butnot a strong unit.
weak unit: x ∈ 0 ∗ x and x ∈ x ∗ 0 strong unit: 0 ∗ x = x ∗ 0 = [x, . . . , x ]

Proposition (Kornev, 2026)Let P(Z ; x, y) = 0 define an n-valued formal group with strong unit 0, and let T ∈ C[z] be monic of degree m ≥ 2 with
T (0) = 0. Then

PT (Z ; x, y) := P
(
T (Z ); T (x), T (y)) = 0defines an associative mn-valued formal group with weak unit 0. If P is commutative, then so is PT .

Example: the Fermat curve. Pulling back the additive formal group by T (z) = zn gives
PFn (Z ; x, y) = Z n − xn − yn, x ∗Fn y = [ζk

n
n
√

xn + yn
]n−1

k=0 .Thus 0 ∗ y = y ∗ 0 = [ζk
ny]n−1

k=0 , so 0 is weak but not strong for n > 1. 6/23



Buchstaber’s universal two-valued family
In 1990 Buchstaber introduced

Ba(z; x, y) = (x + y + z − a2xyz)2
− 4(1 + a3xyz)(xy + yz + xz + a1xyz), a = (a1, a2, a3).Each Ba defines a two-valued formal group and is universal among modulus squaresof the formal groups

F (u, v ) = u2λ1(v )− v2λ1(u)
uλ2(v )− vλ2(u) .

[Buc90]
Buchstaber–Krichever family F modulus square−−−−−−−−→ Ba

modulus square←−−−−−−−− formal group FBcThe modulus-square construction is not injective: distinct one-valued formal groupscan determine the same two-valued law. 7/23



Main Theorem: the formal group FBcPut
Ra(t) = 1− a1t2 + a2t4 − a3t6.

▶ Then
FBc(u, v ) = (u

√
Ra(v )− v

√
Ra(u)

u2 − v2
)2 + a3u2v2

−1/2

is a one-dimensional formal group law with formal inverse u = −u.
▶ Its modulus square is exactly the two-valued law Ba(z; x, y).
▶ Its exponential is odd, a fact used below for the values on thetadivisors. 8/23



Main Theorem: explicit logarithms and exponentials
▶ Define

g2 = 4(a213 − a2
)

, g3 = 4(a1a23 − 2a3127 − a3
)

.

Two-valued law Ba

B(x) = (∫ √x

0
dt√1 + a1t2 + a2t4 + a3t6

)2
B−1(x) = 1

℘(√x; g2, g3)− a1/3 .

One-valued law FBc
gBc(u) = ∫ u

0
dt√1− a1t2 + a2t4 − a3t6 fBc(u) = 1√

℘(u; g2, −g3) + a1/3 .

For singular Weierstrass cubics, ℘ is understood through degeneration of the σ-function.9/23



Main Theorem: universality

▶ Universality. Over integral-domain Z[1/2]-algebras, FBc is universal amongone-valued formal group laws whose formal inverse is −u and whose modulussquare is Ba.
▶ Krichever–Ochanine specialization. The law FBc belongs to Buchstaber’sKrichever family F if and only if a3 = 0. This specialization is the Ochaninegenus.
▶ Genus Bc. The corresponding Hirzebruch genus is

Bc : ΩU −→ Z
[12 , a1, a2, a3

]
, deg ai = −4i.

Recall that by default any genus lands on Q[a1, a2, a3].
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Theta divisors and CPn’s

Theta divisors

fBc(u) = u +∑
n≥1 Bc(Θn) un+1(n + 1)!Bc(Θ2m+1) = 0Bc(Θ2) = −a1Bc(Θ4) = a21 + 12a2Bc(Θ6) = −a31 − 132a1a2 − 360a3

Complex projective spaces

gBc(u) =∑
n≥0 Bc(CPn) un+1

n + 1
Bc(CP2m+1) = 0Bc(CP2) = a12Bc(CP4) = 3a21 − 4a28Bc(CP6) = 5a31 − 12a1a2 + 8a316

Proposition (Kornev, 2026)For every n ≥ 1, Bc(Θn) ∈ Z[a1, a2, a3].Thus no factor 1/2 is needed for theta divisors. [Kor26]
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Comparison with the Krichever genus in degree 12
Proposition (Kornev, 2026)There exists a class K ∈ Ω−12U such that

Kr(K ) = 0 in A ⊗Q, Bc(K ) = −360a3.Moreover, degree 12 is the first degree in which such a class can occur.Thus the two genera are already distinguished by acomplex-cobordism class in degree 12.
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Comparison with the Witten genusThe Witten genus is associated with the Weierstrass sigma-function
fWt(u) = σ (u; g2, g3).For a1 = 0, the Buchstaber exponential is

fBc(u) = 1√
℘(u; g2, −g3) .The first nonzero coefficients are

fBc(u) = u − 3g2 u55! + 90g3 u77! + 189g22 u99! + O(u11),
fWt(u) = u − g̃2 u55! − g̃3 u77! − 9g̃ 22 u99! + O(u11),

where g̃2 = g2/2 and g̃3 = 6g3. [Wit88]13/23



Hurwitz integrality

A series
f (u) = u +∑

n≥1 cn
un+1(n + 1)! , cn ∈ R,

is called a Hurwitz series over R ; we write f (u) ∈ HR [[u]].
Proposition (Kornev, 2026)For a1 = 0,

fBc(u) = 1√
℘(u; g2, −g3)is a Hurwitz series over Z[g2, g3].
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Bunkova’s minimal Hurwitz ring

Weierstrass obtained (1882) a recursive expansion of the elliptic sigma-function and provedthat its normalized coefficients are integers. Equivalently,
σ (u; g2, g3) ∈ HZ

[g22 , 2g3] [[u]].
Buchstaber–Leikin recovered this recursion from their heat-equation formalism and generalizedthe method to higher-genus sigma-functions. [BL05]Bunkova asked whether the sharper coefficient ring Z

[g22 , 6g3] already suffices. [Bun17]
Proposition (Kornev, 2026)

σ (u; g2, g3) ∈ HZ
[g22 , 6g3] [[u]].
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Rings associated with the universal two-valued law

In complex cobordism, the universal modulus-square law has the form
Z 2 −Θ1(x, y)Z + Θ2(x, y) = 0.

Λ the subring of ΩU generated by the coefficients of Θ1 and Θ2;Λ̃ the subring of Λ[1/2] generated by the coefficients of 12Θ1 and Θ2;
L the coefficient ring of Buchstaber’s functor.

L∗(X ) = HomAU(U∗(MSp), U∗(X )), L = L∗(pt) ⊂ ΩU.
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Buchstaber’s description of L
Theorem (Buchstaber, 1978)Inside ΩU ⊗Q,

L = Λ̃ ∩ΩU, Λ̃ = Z[cn | n ≥ 1], deg cn = −4n.The Adams–Novikov spectral sequence for MSp implies
L = ΩSp

[12
]
∩ΩU.

Thus L is the saturation (servant extension) of ΩSp/Tors ⊂ ΩU : if anonzero integer multiple of x ∈ ΩU comes from symplectic cobordism,then x ∈ L. [Buc78]17/23



The Stong ring
Let St ⊂ ΩU be Stong’s subring, characterized by the vanishing of the characteristic numbers indexed by partitionscontaining an odd part.
Theorem (Buchstaber, 1978)

L = St
Properties
▶ L is the saturation of ΩSp/Tors inside ΩU.
▶ L = Λ̃ ∩ΩU.
▶ All prescribed odd-part characteristic numbers vanish.
Rationally

L ⊗Q ∼= ΩSp ⊗Q as graded rings
L ⊗Q ∼= ΩevenU ⊗Q as graded Q-vector spaces

Geometric generators and examples

L ⊗Q ∼= Q[ξ1, ξ2, . . .], ξn = [Y [n]].
Here Y is any smooth projective surface with c21 (Y ) = 0 and
c2(Y ) ̸= 0; for example, a K3 surface.
▶ smooth projective holomorphic symplecticvarieties;
▶ Hilbert schemes S [n] and generalized Kummervarieties Kn(A);
▶ smooth projective Calabi–Yau fourfolds andproducts of these varieties.
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Integral values on the Stong ring

Theorem (Buchstaber–Kornev, 2026).The restriction of the Buchstaber genus to L = St takes values in
Bc(L) ⊂ Z[2a1, a2, 2a3].In particular, the restriction to L takes values in Z[a1, a2, a3], without inverting 2.Although Bc(Θn) ∈ Z[a1, a2, a3],none of the positive even-dimensional theta-divisor classes belongs to L:
[Θ2m] /∈ L, m ≥ 1.

Indeed, c2m1 [Θ2m] = (2m + 1)! ̸= 0.
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Euler and Todd genera via oddification
The Euler characteristic and the Todd genus do not arise directly from odd exponentials. For aHirzebruch genus with characteristic series Q(x), define its oddification by

Q̃(x) = √Q(x)Q(−x), Q̃(0) = 1.

Theorem (Buchstaber–Kornev, 2026)The genera determined by Q and Q̃ have the same restriction to the Stong ring:
φQ̃
∣∣St = φQ

∣∣St.
Examples

Qχ (x) = 1 + x, Q̃χ (x) = √1− x2,

QTd(x) = x1− e−x , Q̃Td(x) = x2 sinh(x/2) .
Corollary (Buchstaber–Kornev, 2026)(a1, a2, a3) QBc spec’n.

χ (−3, 3, −1) √1− x2Td (− 14 , 0, 0) x2 sinh(x/2)These specializations of Bc coincide on St with χ and Td,respectively.
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Spin manifolds: the first obstruction in dimension 24The genus extends to oriented cobordism by the composite, with A = Z[1/2, a1, a2, a3],ΩSO
∗ −→ ΩSO

∗ [1/2] ∼= ΩSp
∗ [1/2] −→ ΩU

∗ [1/2] Bc−−→ A.Call a value integral when it belongs to Z[a1, a2, a3].
Theorem (Kornev, 2026)

dim M < 24 : every spin (and hence Calabi–Yau) manifold M has integral Bc(M);dim M = 24 : every string class [M ] has integral Bc(M),but not every spin class does.
The Anderson–Brown–Peterson manifold. The closed spin manifold Σ24ABP has odd Pontryaginnumber s6(p1, . . . , p6)[ΣABP] ≡ 1 (mod 2). Its existence follows from the ABP calculation of spincobordism. It answered Milnor’s question and shows that his criterion first fails in dimension 24.[Mil65, ABP67] 21/23



Cohomology theories for the Buchstaber genus
Put ∆ = Disct

(
t3 − a1t2 + a2t − a3).

Theorem (Kornev, 2026)1. There exists a complex-oriented multiplicative commutative cohomology theory
Bc∗(−)[∆−1], Bc∗(pt)[∆−1] ∼= Z

[12 , a1, a2, a3, ∆−1] ,

whose orientation induces the localized Buchstaber genus.2. There exists a complex-oriented multiplicative commutative cohomology theory Bc∗(−) whosecoefficient homomorphism realizes
Bc : ΩU −→ Z

[12 , a1, a2, a3
]

.

Both theories are obtained by the method of Landweber, Ravenel, Stong, and Mironov. [LRS95]22/23



Conclusions

1. Reduced one-dimensional n-valued formal groups over Q are commutative. In thegenerically separable case they are strictly isomorphic to the cyclic law.2. The main theorem gives FBc, its logarithm and exponential, and its universality.The specialization a3 = 0 is the Ochanine case.3. The values on theta divisors and on CPn are explicit. Moreover,Bc(Θn) ∈ Z[a1, a2, a3], and for a1 = 0 the exponential is Hurwitz over Z[g2, g3].4. The Stong ring satisfies L = St and Bc(L) ⊂ Z[2a1, a2, 2a3], although [Θ2m] /∈ Lfor every m ≥ 1.5. The oriented extension is integral on every spin manifold of dimension < 24. Indimension 24, every string manifold M has integral Bc(M), but this is false forarbitrary spin manifolds.6. The genus is realized by complex-oriented multiplicative commutative cohomologytheories, before and after inverting ∆.
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