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Fermat’s HypersurfacesFor each d, n ⩾ 1 define a Fermat hypersurface:
Mn

d = {F n
d = 0} = {zd0 + ...+ zd

n+1 = 0} ⊂ CPn+1 =: Pn+1 .The complete linear system |OPn+1(d)| gives the Veroneseembedding of degree d (with N = (n+d+1
d

)
− 1 below):

νd : Pn+1 ↪→ P((H0(Pn+1,OPn+1(d)))∗) ∼= PN

(z0 : ... : zn+1) 7→ (Yd,...,0 : ... : Y0,...,d ), Yd0,...,dn+1 = zd00 ...zdn+1
n+1 ,

d0 + d1 + ...+ dn+1 = d.We have
Mn

d = νd (Pn+1) ∩ HFn
d
,where HFn

d
denotes the hyperplane

HFn
d

= {[Y ] ∈ PN
∣∣∣ n+1∑

j=0 Y0,...,0, d︸︷︷︸
j

, 0,...,0 = 0}
.
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First Examples of Varieties Mn
dWe have the 2-parameter family of smooth, irreducibleprojective varieties:

Mn
d = {zd0 + ...+ zd

n+1 = 0} ⊂ Pn+1
Mn1 ∼= Pn, n ≥ 1
M1

d is a curve of genus (d − 1)(d − 2)/2, d ≥ 1
Mn2 ∼= SO(n + 2)/(SO(2) × SO(n)), n ≥ 1
M22 ∼= P1 ×P1

M42 ∼= GrC(2, 4)
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Euler Characteristic of Mn
dUsing the exact sequence for the normal bundle NX↪→Pn+1

0 // TX // TPn+1 |X // NX↪→Pn+1 // 0
and the Euler sequence

0 // OPn+1 // OPn+1(1)⊕n+2 // TPn+1 // 0
(with NX↪→Pn+1 ∼= OX (d)), we have:Corollary [Dim92, Ch. 5, §3, Exercise 3.7(i)]For any smooth complex hypersurface X of degree d in Pn+1,

χ(X ) = n + 2 + (1 − d)n+2 − 1
d .
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Hk , Hk , and πk for Hyperplane Sections
Recall the following classical result:Lefschetz Hyperplane Theorem [Voi03, Theorem 1.23]Let X ⊂ PN be an n-dimensional complex projective algebraicvariety, let Y be a hyperplane section of X such that U = X\Yis smooth, and let i : Y ↪→ X be the embedding.Then the induced maps are iso’s for k < n − 1 and for k = n − 1:

Hk (Y ;Z) i∗ // Hk (X ;Z) // 0
0 // Hk (X ;Z) i∗ // Hk (Y ;Z)
πk (Y ,Z) i∗ // πk (X,Z) // 0
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(Co-)Homology of Mn
dCorollary

Hk (Mn
d ;Z) ∼= Hk (Mn

d ;Z) ∼=
∼=


Z, k even, k ̸= n, and 0 ≤ k ≤ 2n,0, k odd,
Zbn(d), k = n.

bn(d) =

χ(Mn

d ) − n = 2 + (1 − d)n+2 − 1
d , n even,

n + 1 − χ(Mn
d ) = 1 − (1 − d)n+2

d − 1, n odd.
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Cohomology Ring of Mn
dLet i : Mn

d ↪→ Pn+1, H2(Mn
d ,Z) = Zh, where h = i∗c1(OPn+1(1)),

u = [Mn
d ] ∈ H2n(Mn

d ,Z), and Q be the intersection form. Define
Hn(Mn

d )van = Ker(L : Hn(Mn
d ,Z) ∪h // Hn+2(Mn

d ,Z)) .
For n odd, Hn+2(Mn

d ) = 0, so Hn(Mn
d ) ∼= Hn(Mn

d )van.
For n even, Hn(Mn

d ) ∼= Zhn/2 ⊕ Hn(Mn
d )van.



hk ∪ hℓ = hk+ℓ , for each 0 ≤ k, ℓ, k + ℓ ≤ n.
hn = du.
hk = 0, for each k > n.
h ∪ α = 0, for each α ∈ Hn(Mn

d )van.
α ∪ β = Q(α, β)u, for each α , β ∈ Hn(Mn

d )van.
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Homotopy Groups of Mn
d

CorollaryLet d ≥ 2, n ≥ 3. The computations of πk (Mn
d ) for k ≤ n − 1 areas follows:

πk (Mn
d ) ∼=

 0, k = 1, n ≥ 3,
Z, k = 2, n ≥ 3,0, 3 ≤ k ≤ n − 1, n ≥ 4.

M1
d is a curve of genus (d − 1)(d − 2)/2. Also, Mn1 = CPn−1. Thecases of the surfaces M2

d and the threefolds M3
d will beconsidered soon.
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E8 formConsider the surface
M24 = {z40 + z41 + z42 + z43 = 0} ⊂ P3 .Its intersection form QM24 on H2(M24 ;Z) is even, unimodular, ofsignature −16,

QM24 ∼= 3H ⊕ 2(−E8),

H = (0 11 0)
, E8 =



2 11 2 11 2 11 2 11 2 1 11 2 11 21 2


In particular, dim+ QM24 = 3, dim− QM24 = 19, and b2(M24 ) = 22.
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M24 is a K3 Surface
A K3 surface is a compact complex surface that is simplyconnected and has trivial first Chern class (Calabi–Yau surface).
There is a unique diffeomorphism type of K3 surface, althoughthe moduli space of all complex K3 surfaces has complexdimension 20 [Sco05].

c1 = 0
b0 = b4 = 1
b1 = b3 = 0
χ = 24
τ = −16

b2 = χ − 2 = 22

10 01 20 10 01The Hodge diamondof any K3 surface
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K3 Surfaces

The real part of a K3 surface. Reproduced from [Dol20]
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Surfaces M2
dFrom the Freedman’s classification of 4-manifolds, we get:Proposition

If d is odd, the variety M2
d is or.-preserving homeomorphic to

(CP2)#m # (CP2)#n, m = 13(d3 − 6d2 + 11d − 3),
n = 13(d − 1)(2d2 − 4d + 3).

If d is even, M2
d is spin and it is or.-preserving homeomorphic to

(K3)#m # (CP1 × CP1)#n, m = d(d2 − 4)48 ,

n = 148(d − 4)(13d2 − 44d + 12).
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The Problem of #
Ω−4SO = ⟨[CP2]⟩ZΩ−4U = ⟨[CP1]2, [CP2]⟩ZFrom the [Buc70, Theorem 4.11], we obtain:Proposition (Buchstaber, Kornev, 2025)For each d ≥ 1, we have in ΩU:

[M2
d ] = d(d − 1)22 [CP1]2 + d(4 − d2)3 [CP2].

We see that [M2
d ]ΩU 7→ d(4−d2)3 [CP2]ΩSO under the naturalhomomorphism Ω−4

U
// Ω−4SO .
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The Problem of #
So, in ΩU, we have the identification:

[M2
d ] =

(m − n)[CP2] +d(d − 1)2[CP1]22 , d is odd,
m[K3] + n[CP1]2 − (d − 4)(d − 2)(7d − 6)[CP1]248 , d is even

The terms in blue correspond to the "naïve" case of complexstructures glued along connected sums: [M1 # M2] = [M1] + [M2].
The terms in magenta describe the discrepancy provided by thecomplex structure of M2

d .
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[M2
d ] Via Θ-Divisors

Using [BV24, formula (6)], we getProposition (Buchstaber, Kornev, 2025)
[M2

d ] = d ·
((d2 − 4)6 [Θ2] + (5 − 2d)2 [Θ1]2) ,

where Θj is a smooth theta divisor of a general principallypolarised abelian variety Aj+1, considered as the complexmanifold of real dimension 2j .
For d = 4: [M24 ] = 2 · (4[Θ2] − 3[Θ1]2).
For d = 5: 2[M25 ] = 5 · (7[Θ2] − 5[Θ1]2).
For d = 7: 2[M27 ] = 21 · (5[Θ2] − 3[Θ1]2).
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Classification of 6-Manifolds
Let M be a closed oriented simply connected 6-manifold with

H3(M,Z) = 0 and Tors H∗(M,Z) = 0.
We have the following data:a free abelian group H2(M),a symmetric trilinear map µ : Sym3(H2(M)) // Z ,

µ(x, y, z) = ⟨x ∪ y ∪ z, [M ]⟩,a linear form p : H2(M) // Z , p(x) = ⟨p1(M) ∪ x, [M ]⟩,where p1(M) is the first Pontryagin class,the second Stiefel–Whitney class w2(M) ∈ H2(M,Z /2).
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Classification of 6-ManifoldsTheorem [Wal66, Jup73, Zhu80]There exists an orientation-preserving diffeomorphism
f : M ′ → M if and only if there is an isomorphism

φ : H2(M,Z) // H2(M ′,Z)
such that
µ′(φ(x), φ(y), φ(z)) = µ(x, y, z), p′(φ(x)) = p(x), φ(w2) = w ′2.

In the case of quasitoric manifolds, under certain assumptionson the moment polytopes(see [BEM+17]), f is a diffeomorphismiff there exists a graded ring isomorphism
ψ : H∗(M,Z) → H∗(M ′,Z).
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The Milnor–Hirzebruch Problem
The Milnor–Hirzebruch problem was first posed by Hirzebruchin his ICM 1958 talk [Hir58]. Its algebraic version can beformulated as follows:
Which sets of p(n) characteristic numbers

cλ, λ ∈ P(n)
can be realised as the Chern numbers cλ(Mn) of some smoothirreducible complex algebraic variety Mn?
This version of the problem remains largely open, althoughsome arithmetic restrictions are known from the theorem ofGrothendieck–Riemann–Roch–Hirzebruch.
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The Manifold N3
dTheorem [Wal66]Let M be a closed smooth 1-connected 6-manifold.Then we can write M as a connected sum (up todiifeomorphism)

M ∼= M1 # M2,where H3(M1) is finite and M2 is diffeomorphic to a connectedsum of copies of S3 × S3.
From this result, we get the orientation preservingdiffeomorphism

M3
d

∼= N3
d # (S3 × S3)b3(M3

d )/2.We have H∗(N3
d ) ∼= H∗(CP3) additively, p1(N3

d ) = (5 − d2)x2,
p1(CP3) = 4h2, where H2(Nd ) = Zx, H2(CP3) = Zh.
So, N3

d is CP3-like. 19 / 76



The Manifold N3
d

CorollaryFor any d ≥ 3 there exists a smooth 6-dimensional homologyprojective space N3
d (i.e. H∗(N3

d ) ∼= H∗(CP3) additively) such that
p1(N3

d ) = (5 − d2)x2,
where x is the generator of H2(N3

d ,Z).
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The Manifold N3
d

Proposition (Buchstaber, Kornev, 2025)The manifold N3
d is Kähler if and only if d ∈ {1, 2}.

M31 = N31 ∼= CP3.
M32 = N32 ∼= SO(5)/(SO(2) × SO(3)) is an algebraic variety.
There exists an additive isomorphism

H∗(N3
d ,Z) ∼= H∗(CP3,Z)

which is not a ring isomorphism for d > 1.
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Proof. Assume, for contradiction, that N3
d is Kähler when d ≥ 3.Write

c1 = rx, c2 = αx2
for r, α ∈ Z. From one hand,

p1(N3
d ) = (5 − d2)x2.

From the other,
p1(N3

d ) = c21 − 2c2.So, we get
r2 − 2α = 5 − d2. (1)
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From the Hirzubruch–Riemann–Roch theorem
χ(ON3

d
) = ⟨td (TN3

d
), [N3

d ]⟩,
we know that ⟨c1c2/24, [N3

d ]⟩ = χ(O(N3
d )) = 3∑

q=0(−1)qh0,q = 1.Hence, we have another equation:
rαd = 24. (2)From (1) and (2), one has α > 0 and r > 0 when d ≥ 3. So,

−KN3
d

= rx is ample since c1 = rx , x ∈ H1,1 and r > 0. Thus, N3
dis projective (by Kodaira and Chow theorems) and Fano. ThePicard number:

ρ = rk NS(N3
d ) = rk H2(X ;Q) = 1.Solving the system of equations (1) and (2), we get thefollowing set of solutions(r, d) ∈ {(4, 1), (3, 2), (2, 3), (1, 4)}.
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From the classification of Fano threefolds [PI99, Ch. 12, §12.2],one get b3(N3
d ) ̸= 0 giving the contradiction:

−K 3
N3

d
= ⟨c1(N3

d )3, N3
d⟩ = r3d

For (r, d) = (2, 3) case, we have −K 3
N3

d
= 24. But h1,2 ̸= 0.

For (1, 4) case, we have −K 3
N3

d
= 4. But again h1,2 ̸= 0.
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Fake CPn’s
A connected compact Kähler manifold M of complex dimension
n is said to be a fake projective space if M has the same Bettinumbers as CPn but is different from CPn.
First examples of fake projective space were obtained incomplex dimension 2 by Mumford [Mum79]. A classification offake projective planes was given in [PY07].
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Fake CPn’s
Theorem [Yeu10]

1 There is no fake projective three space M of general type.
2 There is no fake projective three space M with the samerational cohomology ring as CP3.
3 Any fake projective threefold has to be Fano.
4 A complete list of Fano fake projective threefolds is knownand can be found in [IŠ83]. Examples are given byhyperquadrics in CP4.
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The Manifold N3
dOne can induce the stable almost complex structure from

M3
d#(S3 × S3)#m to the summands so that s3(S3 # S3) = 0.Indeed, it is possible because π5(BU) = 0 and hence there is noobstruction to extend a map S5 → BU to a map D6 → BU .Moreover, these almost complex structures are in bijection with

π6(BU) ∼= Z.
Proposition (Buchstaber, Kornev, 2025)For each d ≥ 1, there exists smooth stably complex 6-manifold
Nd such that:

N3
d is a homology CP3.[M3
d ] = [N3

d ] in ΩU .
N3

d cannot be Kähler for d ≥ 3.
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The Milnor–Hirzebruch Problem and M3
dOnce again, from [Buc70, Theorem 4.11], we obtain:PropositionLet A = [CP1], B = [CP2], and C = [CP3] in Ω−6U . Then we get

24[M3
d ] = −d

(15d(d − 1)2A3 − 20(d − 1)2(d + 1)AB
−6(5 − d3)C)

.

For d = 1: [M31 ] = [CP3].
For d = 2: 2[M32 ] = −5A3 + 10AB − 3C .
For d = 5: [M35 ] = −50(5A3 − 8AB + 3C ).
Recall that Ω−6SO = 0.
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[M3
d ] Via Θ-DivisorsProposition (Buchstaber, Kornev, 2025)

[M3
d ] =d ·

((d3 − 5)24 [Θ3] − 5(d + 3)(d − 2)12 [Θ2 × Θ1]
+5(3d − 7)8 [Θ1]3) ,

where Θj is a smooth theta divisor of a general principallypolarised abelian variety Aj+1, considered as the complexmanifold of real dimension 2j .
For d = 5: [M35 ] = 25 · ([Θ3] − 2[Θ2 × Θ1] + [Θ1]3).
For d = 7: 12[M37 ] = 7 ·

(169[Θ3] − 250[Θ2 × Θ1] + 105[Θ1]3).
For d = 11: 4[M311] = 11 ·

(221[Θ3] − 210[Θ2 × Θ1] + 65[Θ1]3). 30 / 76



The Sullivan Conjecture
Manifolds Mn

d are examples of complete intersections.
Let i : Xn(d ) ⊂ CPn+k be the transverse intersection of kcomplex hypersurfaces of degree d = {d1, ..., dk}.
By an observation of Thom, the diffeomorphism type of Xn(d )depends only on the multidegree d .
The Sullivan data associated to the complete intersection Xn(d )is the tuple

SDn(d ) := (
d, (pi(n,d ))⌊n/2⌋

i=1 , χ(
Xn(d )))

∈ Z+ × Z⌊n/2⌋ × Z,

where d = d1...dk , pi(X (d )) = pi(n,d )x2i — Pontryagin numbers,
χ(−) is Euler’s characteristic, and x = i∗c1(CPn+k ).
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The Sullivan Conjecture
The Sullivan Conjecture. Suppose that n ≥ 3 and Xn(d ) and
Xn(d ′) are complete intersections. If SDn(d ) = SDn(d ), then
Xn(d ) is diffeomorphic to Xn(d ).
For n = 1, it holds. But the converse conjecture not.
For n = 2, it is too difficult: the problem with smooth structures.The converse conjecture is also false: X2(4), X2(3, 2) and
X2(2, 2, 2) are all K3-surfaces.
For n ≥ 3, the converse conjecture holds [CN25, Proposition2.10].
For n = 3, it follows from [Wal66] and [Jup73].
For n = 4: yes, [CN25, Theorem 1.3]. 32 / 76



The Sullivan Conjecture
If 5 ≤ n ≤ 7, then Fang and Wang (2010) proved that theSullivan conjecture holds up to homeomorphism.
The complete intersections

X4(3(150), 7(89), 9(65), 15, 25(130)) and X4(5(261), 21(89), 27(64))
(where 3(150) stands for 150 copies of 3, etc.) are diffeomorphic[CN25, Example 1.5].
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Basics of Projective Duality
Consider a projective space P = P(VC). Hyperplanes in P formthe dual projective space P∗ = P(V ∗).
Let X ⊂ P be a closed irreducible algebraic subvariety.A hyperplane H ⊂ P is said to be tangent to X if there existsa smooth point x ∈ X such that x ∈ H and the tangent space to
H at x contains the tangent space to X at x , i.e. TxX ⊂ TxH .
Denote by X∨ ⊂ P∗ the closure of the set of all hyperplanestangent to X . The variety X∨ is called projectively dual to X .
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Basics of Projective Duality

The Coffee Cup Caustic.Grace Weir, 2005Reproduced from graceweir.com/page31/page31.html
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Basics of Projective Duality
Let H = {ℓ = 0}. Then
x is a singular point of X ∩ H ⇔ dℓ|Tx X = 0 ⇔ TxX ⊂ TxH.

If X is smooth and does not lie in any hyperplane, then
H ∈ X∨ ⇔ ∃ x ∈ X with TxX ⊂ TxH ⇔ H ∩ X is singular.
For any projective variety X ⊂ P we have (X∨)∨ = X .
If z ∈ X and H ∈ X∨ are smooth points, then

H is tangent to X at z ⇔ z ⊂ P∗ is tangent to X∨ at H .
If X is irreducible then X∨ is irreducible.
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Basics of Projective Duality

For any smooth curve X ⊂ P2 of degree d , according to Plückerformulas [GKZ94, Proposition 2.4], we have deg X∨ = d(d − 1).
Hence, X∨ cannot be smooth for deg X > 3 because (X∨)∨ = X .
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Basics of Projective Duality
Suppose that X is a hypersurface (not a hyperplane) in P(V ).Then X∨ = {∆X = 0} is a hypersurface in P(V ∗). We shall callthe X-discriminant the defining polynomial ∆X of X∨.
Example. For M12 = {x2 + y2 = z2}, we have

(M12 )∨ = {u2 + v2 + w2 = 0}.

Example [GKZ94]. For the curve M13 = {x3 + y3 = z3} we have
(M13 )∨ = {u6 + v 6 + w6 − 2u3v 3 − 2u3w3 − 2v 3w3 = 0}.

The curve (M13 )∨ is not smooth since M13 is smooth anddeg M13 = 3 > 2.
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n-Valued Groups: a Brief History
In 1971, V. M. Buchstaber and S. P. Novikov proposed aconstruction motivated by the theory of characteristic classes[BN71].
This construction describes a multiplication in which the
product of any pair of elements is a multiset of n points [Buc06].
An axiomatic definition of n-valued groups and the first resultsof their algebraic theory were obtained in a subsequent seriesof works by V. M. Buchstaber.
Currently, the theory of n-valued (formal, finite, discrete,topological, and algebro-geometric) groups and theirapplications in various areas of mathematics and mathematicalphysics are being developed by a number of authors. 39 / 76



n-Valued MonoidsAn n-valued monoid is a space X equipped with an operation
∗ : X × X → Symn(X )

where Symn(X ) = X×n/Sn is the space of unordered n-tuples ofelements of X :
Associativity. The n2-multisets

[x ∗ w | w ∈ y ∗ z ],[w ∗ z | w ∈ x ∗ y]
coincide.
Unit. There exists an element e ∈ X such that

e ∗ x = x ∗ e = [x, x, . . . , x ]
for every x ∈ X .
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n-Valued Groups
An n-valued group X is an n-valued monoid equipped with aninverse map inv : X → Xthat is, a map such that for every x ∈ X

x ∗ inv(x) ∋ e, inv(x) ∗ x ∋ e.

The notions of homomorphisms, commutativity, kernels, andrelated concepts admit natural generalizations from the contextof 1-valued groups to that of n-valued groups.
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Algebraic n-Valued Monoids and Groups
An algebraic n-valued monoid is an algebraic variety Xequipped with an associative n-valued multiplication given by a
rational morphism X × X → Symn(X ) with a neutral element
e ∈ X such that

x ∗ e = e ∗ x = [x, x, . . . , x ] for every x ∈ X.

An algebraic n-valued group is an algebraic n-valued monoidon X together with a regular morphism inv : X → X such thatfor any x ∈ X the following two conditions hold:
e ∈ x ∗ inv(x), x ∗ inv(x) = inv(x) ∗ x.
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Buchstaber Polynomials
Consider a 3-parametrized family of polynomials:
Ba(z ; x, y) = (x +y+z −a2xyz)2−4(1+a3xyz)(xy+yz+xz+a1xyz)
In elementary symmetric functions:
Ba(z ; x, y) = (e21 −4e2)−4a1e3 −2a2e1e3 −4a3e2e3+(a22 −4a1a3)e23.The polynomials Ba(z ; x, y) endow C with the structure of theuniversal regular algebraic 2-valued group GC(Ba) for any
a ∈ C3, with addition

x ∗ y = [ z | Ba(z ; x, y) = 0 ],
neutral element 0, and inversion map inv(x) = x [BV19, Theorem6.3], [BK25b, Theorem 1].
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Weierstrass Form of a Cubic
Let δa = ∆t

(
t3 + a1t2 + a2t + a3) be the discriminant. Then

δa = −4a3a31 + a22a21 + 18a2a3a1 − 4a32 − 27a23.Let E be an irreducible cubic over the field C. As is well known(see, e.g., [FW69, Exercise 5–24]), E is isomorphic to a cubicgiven in CP2 with coordinates (x : y : z), in the chart {z = 1}, by
E = { y2 = x3 + a1x2 + a2x + a3 }.

As an abelian variety over C, a cubic admits onlyautomorphisms of orders 2, 3, 4, and 6 [Har77, Corollary 4.7].
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2-Valued Structures on CP1
Theorem (Buchstaber, Gaiur, Rubtsov) [BGR24]
(I) If δa ̸= 0, the algebraic 2-valued group GCP1(Ba) with identity
∞ is the regular coset group E⟨σ⟩ for the group of points of theelliptic curve E with respect to the involution
σ : (x, y) 7→ (x,−y). The group GCP1(Ba) on CP1 has zero (0 : 1)and addition

µa : CP1 × CP1 → CP2(x1 : x0) ∗ (y1 : y0) = (u2 : u1 : u0)


u2 = (x1y0 − x0y1)2,
−12u1 = x1x0(2a1y1y0 + a2y21 + y20) + x21 y1(

a2y0 + 2a3y1) + x20 y0y1,
u0 = x21 y1(

a22y1 − 4a3(a1y1 + y0)) − 2x0x1y1(
a2y0 + 2a3y1) + x20 y20.
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2-Valued Structures on CP1

Theorem (Buchstaber, Kornev, 2025)
(II) The isomorphism class of the coset algebraic 2-valued group
GCP1(Ba) is completely determined by the j-invariant of theelliptic curve E:

j(a) = 6912 (3a2 − a21)34(3a2 − a21)3 + (27a3 − 9a1a2 + 2a31)2 .
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3-Valued Structures on CP1
Theorem (Buchstaber, Kornev, 2025)On CP1, for each nonzero c ∈ C there exists a structure (whichwe call equiharmonic) of an algebraic 3-valued coset group
G3,eqh(CP1) with neutral element 0, the map inv(x) = −x , andaddition given by the polynomial p3,eqh(z ; x, y), where

p3,eqh(−z ; x, y) = e 31 − 27e3+ 18c e 21 e3 − 54c e2e3 − 27c2e 22 e3 + 81c2e1e 23 ,and ek denotes the k-th elementary symmetric function in
x, y, z . All such 3-valued groups are isomorphic.
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Symmetric 3-Algebraic 3-Valued Groups
Let us now describe all symmetric 3-algebraic 3-valued groups.
The general form of the polynomials P3 is as follows:

σ 31 + k0σ3 + k6σ 23 + k12σ 33 + k2σ1σ3 + k4σ2σ3 + ℓ6σ1σ2σ3+ ℓ4σ 21σ3 + k8σ 22σ3 + ℓ8σ 23σ1 + k10σ 23σ2,where σi’s are elementary symmetric polynomials and ki’s areparameters.
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Theorem (Buchstaber, Kornev, 2025)There are two classes of symmetric 3-algebraic 3-valuedgroups:
(I) If k0 = −27, we have

P3(z ; −x,−y) = (σ 31 − 27σ3) + 18cσ 21σ3 − 54cσ2σ3 − 27c2σ 22σ3+ 81c2σ1σ 23 .
(II) If k0 = 0, we have

P3(z ; −x,−y) = (σ1 + ασ3)3 ,
In this case, the 3-valued group is obtained by the diagonalconstruction G × G µ // G Sym3 ◦ diag // Sym3(G) from the1-algebraic 1-valued group G, constructed by the polynomial
P1(z ; −x,−y) = σ1 + ασ3.
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4-Valued Structures on CP1
Theorem (Buchstaber, Kornev, 2025)On CP1, for each nonzero b ∈ C there exists a structure (whichwe call harmonic) of an involutive algebraic 4-valued cosetgroup G4,har(CP1) with neutral element 0, whose addition isgiven by the polynomial

p4,har(z ; x, y) = e41 − 8 e21e2 + 16 e22 − 128 e1e3
− 112 b e21e3 − 4 b2e31e3 − 64 b e2e3
− 112 b2e1e2e3 − 64 b2e23
− 288 b3e1e23 + 6 b4e21e23 − 136 b4e2e23
− 112 b5e33 − 4 b6e1e33 + b8e43where ek denotes the k-th elementary symmetric function in

x, y, z . All such 4-valued groups are isomorphic.
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Theorem (Buchstaber, Kornev, 2025)For each nonzero c ∈ C, there exists a unique structure(equiharmonic) of an involutive 6-valued algebraic coset group
G6,eqh(CP1) with neutral element 0 and addition given by

p6,eqh(z ; −x,−y) = e61 − 22 · 3 e41e2 + 24 · 3 e21e22 − 26e32 − 2 · 34 · 17 e31e3
− 23 · 34 · 19 e1e2e3 + 33 · 193e23
− 25 · 32 · 11 c e41e3 − 22 · 33 · 5 c2e51e3 − 24 · 32 · 211 c e21e2e3
− 22 · 33 · 197 c2e31e2e3 − 23 · 35c3e41e2e3 − 26 · 32 · 52c e22e3
− 24 · 33 · 107 c2e1e22e3 − 24 · 37c3e21e22e3 − 2 · 36c4e31e22e3
− 26 · 35c3e32e3 − 23 · 37c4e1e32e3 + 24 · 33 · 72 · 19 c e1e23+ 22 · 33 · 47 · 53 c2e21e23 + 23 · 35 · 61 c3e31e23 + 2 · 37 · 17 c4e41e23+ 22 · 34 · 701 c2e2e23 + 23 · 36 · 7 · 13 c3e1e2e23 + 210 · 36c4e21e2e23+ 24 · 38 · 5 c5e31e2e23 + 2 · 37 · 5 · 17 c4e22e23 + 25 · 38 · 7 c5e1e22e23+ 22 · 39 · 17 c6e21e22e23 + 22 · 39 · 11 c6e32e23 + 23 · 311c7e1e32e23+ 312c8e42e23 − 23 · 312c3e33 − 2 · 39 · 5 · 47 c4e1e33
− 24 · 39 · 17 c5e21e33 − 22 · 39 · 5 c6e31e33 − 26 · 311c5e2e33
− 22 · 310 · 5 · 11 c6e1e2e33 − 23 · 311c7e21e2e33 − 23 · 311 · 5 c7e22e33
− 2 · 312c8e1e22e33 − 23 · 312c6e43 − 23 · 312c7e1e43+ 312c8e21e43 − 22 · 313c8e2e43 . 51 / 76



Polynomials pd(z ; x, y)Introduce the following symmetric polynomials:
pd (z ; x, y) = d∏

r,s=1
(

d
√

z + εr d
√

x + εs d
√y

)
,

where ε = e2πi/d and d
√

− denotes some branch of the root.
p1 = σ1,
p2 = σ 21 − 4σ2,
p3 = σ 31 − 27σ3,
p4 = σ 41 − 23σ 21σ2 + 24σ 22 − 27σ1σ3,
p5 = σ 51 − 54σ 21σ3 − 55σ2σ3,
p6 = σ 61 − 22 · 3σ 41σ2 − 2 · 34 · 17σ 31σ3 + 24 · 3σ 21σ 22

− 23 · 34 · 19σ1σ2σ3 − 26σ 32 + 33 · 193σ 23where σ ′
j s are elementary symmetric polynomials in x, y, z . 52 / 76



Groups Gd(C)
The polynomial

pd (z ; (−1)dx, (−1)dy)defines a commutative algebraic d-valued group Gd (C) on Cwith multiplication
x ∗ y = [z | pd (z ; x, y) = 0],

neutral element 0 and inverse inv(x) = (−1)dx .
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θ-Circulants
For any elements a0, ..., an−1 ∈ k, introduce a θ-circulant matrix:

Circθ(a0, . . . , an−1) =


a0 θa1 θa2 · · · θan−1
an−1 a0 θa1 . . . ...
an−2 an−1 a0 . . . θa2... . . . . . . . . . θa1
a1 · · · an−2 an−1 a0


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Wendt Matrices
Theorem (Buchstaber, Kornev, 2025)The polynomial pd (z ; x, y) defining the d-valued multiplicationis the determinant of a y-circulant d × d matrix:

Circy

(
z + (−1)d+1x + y,

(
d1

)
w, . . . ,

(
d

n − 1
)

wd−1)
where wd = z .
These matrices generalize the Wendt matrices (the substitution
x = (−1)d , y = z = 1).
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pd(z ; x, y) and Wendt Matrices
p2 = ∣∣∣∣ z − x + y 2wy2w z − x + y

∣∣∣∣
p3 =

∣∣∣∣∣∣
z + x + y 3yw 3yw23w2 z + x + y 3yw3w 3w2 z + x + y

∣∣∣∣∣∣

p4 =
∣∣∣∣∣∣∣∣

z − x + y 4yw 6yw2 4yw34w3 z − x + y 4yw 6yw26w2 4w3 z − x + y 4yw4w 6w2 4w3 z − x + y

∣∣∣∣∣∣∣∣
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Polynomials pd(z ; x, y)
Theorem (Buchstaber, Kornev, 2025)
For prime d ⩾ 5, the polynomial

pd (z ; x, y) − (x + y + z)d
is divisible by d4xyz.

This result follows from the above observations and from thefollowing:Theorem (Wolstenholme, [Wol62])(2d − 1
d − 1

)
− 1

is divisible by d3 for primes d ⩾ 5.
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Fermat Curves and Gd(C)
Theorem (Buchstaber, Kornev, 2025)Consider the Fermat curve (d ≥ 2)

M1
d = {xd + yd = zd}.

Then the dual curve (M1
d )∨ ⊂ (P2)∗ is given by the equation

pd−1(wd ; ud , vd ) = 0.
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Algebraic Monoids Md(CP1)
Theorem (Buchstaber, Kornev, 2025)The group Gd (C) extends (only) to an algebraic d-valued cosetmonoid Md (CP1) on CP1 with

∗ : CP1 × CP1 −→ CPn

(x1 : x0) ∗ (y1 : y0) = (bd : bd−1 : · · · : b0),where bj = bj (x, y) is the coefficient of zd−j1 z j0 in thehomogeneous polynomial
(x0y0z0)d pd

(
z1
z0 ; (−1)d x1

x0 , (−1)d y1
y0

)
whenever (x1 : x0) and (y1 : y0) are not both equal to (1 : 0).
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Algebraic Monoids Md(CP1)

Here the point ∞ is absorbing, i.e.
∞ ∗ x = x ∗ ∞ = [∞,∞, . . . ,∞]

for any x ∈ CP1\{∞}, and the value ∞ ∗ ∞ is undefined.
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Projective Duality is a Shift on Md ’sFor each d ≥ 2 consider a curve
Xd = {pd (z ; x, y) = 0}.

Theorem (Buchstaber, Kornev, 2025)Under projective duality the curve Xd (d ≥ 2) goes to
X∨

d = { (uvw )d−1 pd−1(1/w ; 1/u, 1/v ) = 0 } ⊂ (CP2)∗.
The composition of the duality Xd 7→ X∨

d with the subsequentMöbius transformation (u, v , w ) 7→ (1/u, 1/v , 1/w ) defines a shiftoperation
Md (CP1) 7→ Md−1(CP1)in the family of algebraic d-valued monoids.
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Projective Duality is a Shift on Md ’s
Example. For X∨2 we have the parametrization

(u, v ) = (
− 11 + t ,

1
t

) or 1
u + 1

v = −1.
Taking the projective closure (homogenization), we find that X∨2is given by the zero locus of the polynomial

P1 = uvw p1(w−1; u−1, v−1) = (u + v )w + uv.
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Projective Duality is a Shift on Md ’s
Example. For X∨3 :

(u, v ) = ( 1(1 + t)2 , 1
t2

) or 1√
u

+ 1√
v

= 1.
The curve X∨3 is given by the polynomial

P2 = (uvw )2 p2(w−1; u−1, v−1) = (uv − w (u + v ))2 − 4uvw2,
P2 = (uv )2 + (vw )2 + (uw )2 − 2u2vw − 2uv 2w − 2uvw2.
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Projective Duality is a Shift on Md ’s
For any smooth curve X ⊂ P2 of degree d , according to Plückerformulas [GKZ94, Proposition 2.4], we have deg X∨ = d(d − 1).
Since deg X∨

d = (d − 1)2 for d ≥ 3, the curve Xd cannot besmooth.
The curve X2 is smooth.
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Discriminants and Xd ’s
Theorem (Gaiur, Rubtsov, van Straten, 2024)The discriminant ∆t (P) of the polynomial

P(t) = (ztd−1 + y)(1 + t)d−1 + (−1)d−1xtd−1
with respect to the variable t , which is a polynomial of degree4d − 6, is related to pd (z ; x, y) by

(−1)d (d − 1)2d−2(xyz)d−2 pd (z ; x, y) = ∆t (P)
for each d ≥ 2.
This result has a nice explanation from the point of view ofprojective duality.
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POV: Projective Duality
Consider the curve X∨

d . Its parametrization in the chart {w = 1}:
(u, v ) = ((−1 − t)1−d , t1−d)

.

By the definition of the X∨
d -discriminant, the curve

X∨∨
d = {pd (z ; x, y) = 0} is an irreducible component of thediscriminant of the polynomial of t obtained by restricting theline

ux + vy + 1 = 0onto X∨
d , i.e. the curve X∨∨

d is the discriminant in t of P(t),where P(t) is a polynomial obtained from the equation1(−1 − t)d−1 · x + 1
td−1 · y + 1 = 0

after homogenization.
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POV: Projective Duality
If xyz = 0, then for d ≥ 2 the polynomial P(t) has a (d − 1)-foldroot t∗ ∈ {0, −1,∞}. Thus, ∆t (P) is divisible by a certain powerof the monomial xyz .
By [GRS24, Theorem 2.2], ∆t (P) has no other singularcomponents. The required statement now follows by comparingdegrees.
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Polynomials pd,n

In connection with Bessel kernels for solutions of Picard–Fuchsdifferential equations for the kernel
Kd = ∑

j ,k

(
j + k

k

)d x jyk

z j+k ,

the iterated analogue of the polynomials pd (z ; x, y) wasconsidered in [GRS24]:
pd,n(z ; x) = d∏

k1,...,kn=1
(

d
√

z + εk1 d
√

x1 + · · · + εkn d
√

xn
)
.
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Operations Od,n(CP1)
The polynomial pd,n(z ; x) defines an n-ary dn−1-valued algebraicoperation

µ(x1, ..., xn) = [z | pd,n(z ; x) = 0].
Denote by Od,n(CP1) the variety CP1 with the operation µ.
Let

X n−1
d = { pd,n = 0 }be the hypersurface in CPn. For integers d ≥ 2 and n ≥ 2define

Pd,n = (u1 · · · unw )d−1 pd−1(w−1; u−11 , . . . , u−1
n )

the polynomial of degree dn−1.
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Operations Od,n(CP1)
Theorem (Buchstaber, Kornev, 2025)The composition of the duality (d ≥ 2, n ≥ 2)

X n−1
d 7→ (X n−1

d )∨ = {Pd,n = 0} ⊂ (CPn)∗
with the subsequent Möbius transformation

(u1, . . . , un, w ) 7→ (1/u1, . . . , 1/un, 1/w )
defines a shift operation

Od,n(CP1) 7→ Od−1,n(CP1)
in the family of n-ary dn−1-valued algebraic structures
Od,n(CP1).
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Fermat Hypersurfaces and pd,n’s
Theorem (Buchstaber, Kornev, 2025)Let Mn−1

d be a Fermat hypersurface
Mn−1

d = {xd1 + xd2 + ...+ xd
n = zd}

in CPn with coordinates x1, ..., xn, z . The dual hypersurface isdefined by the equation
(Mn−1

d )∨ = {pd−1,n(wd ; ud1 , ..., ud
n ) = 0}

in (CPn)∗ with the dual coordinates u1, ..., un, w .
71 / 76



References I
[BEM+17] Buchstaber V.M., Erokhovets N.Y., Masuda M., Panov T.E., Park S.Cohomological rigidity of manifolds defined by 3-dimensional polytopes.Russian Math. Surveys, 72(2) (2017) 199–256[BGR24] Buchstaber V., Gaiur I., Rubtsov V.Algebraic 2-Valued Group Structures on P1 , Kontsevich-type Polynomials, and Multiplication Formulas, I.arXiv:2412.07330.

https://arxiv.org/abs/2412.07330[BK25a] Buchstaber V., Kornev M.Algebraic n-Valued Monoids on CP1 , Discriminants and Projective Duality.arXiv:2510.14010.
https://doi.org/10.48550/arXiv.2510.14010[BK25b] Buchstaber V., Kornev M.
n-Valued Groups, Kronecker Sums, and Wendt’s Matrices.arXiv:2505.04296.
https://doi.org/10.48550/arXiv.2505.04296[BN71] Buhštaber V.M., Novikov S.P.Formal groups, power systems and Adams operators.Math. USSR-Sb., 13(1) (1971) 80–116.
https://doi.org/10.1070/SM1971v013n01ABEH001030[Buc70] Buchstaber V.M.The Chern–Dold character in cobordisms. I.Math. USSR-Sb., 573–594[Buc06] Buchstaber V.M.
n-Valued Groups: Theory and Applications.Mosc. Math. J., 6(1) (2006) 57–84.
https://doi.org/10.17323/1609-4514-2006-6-1-57-84

72 / 76

https://arxiv.org/abs/2412.07330
https://doi.org/10.48550/arXiv.2510.14010
https://doi.org/10.48550/arXiv.2505.04296
https://doi.org/10.1070/SM1971v013n01ABEH001030
https://doi.org/10.17323/1609-4514-2006-6-1-57-84


References II
[BV19] Buchstaber V.M., Veselov A.P.Conway Topograph, PGL2(Z)-Dynamics and Two-Valued Groups.Russian Mathematical Surveys, 74(3) (2019) 387—430.

https://doi.org/10.1070/RM9886[BV24] Buchstaber V., Veselov A.Chern-dold character in complex cobordisms and theta divisors.Advances in Mathematics, 449 (2024) 109720[CN25] Crowley D., Nagy C.The smooth classification of 4-dimensional complete intersections.Geom. Topol., 29(1) (2025) 269–311[Dim92] Dimca A.
Singularities and Topology of Hypersurfaces.Springer New York, NY (1992)[Dol20] Dolgachev I.Kummer surfaces: 200 years of study.Notices of the AMS, 67(10)[FW69] Fulton W., Weiss R.
Algebraic Curves: An Introduction to Algebraic Geometry.Addison-Wesley Publishing Company, Inc. The Advanced Book Program (1969).
https://api.semanticscholar.org/CorpusID:116886820[GKZ94] Gelfand I.M., Kapranov M.M., Zelevinsky A.V.
Discriminants, resultants, and multidimensional determinants.Modern Birkhäuser Classics. Birkhäuser Boston, MA (1994).
https://doi.org/10.1007/978-0-8176-4771-1

73 / 76

https://doi.org/10.1070/RM9886
https://api.semanticscholar.org/CorpusID:116886820
https://doi.org/10.1007/978-0-8176-4771-1


References III
[GRS24] Gaiur I., Rubtsov V., Straten D.Product Formulas for the Higher Bessel functions.arXiv:2405.03015.

https://arxiv.org/abs/2405.03015[Har77] Hartshorne R.
Algebraic Geometry.Graduate Texts in Mathematics. Springer New York, NY (1977).
https://doi.org/10.1007/978-1-4757-3849-0[Hir58] Hirzebruch F.
Komplexe Mannigfaltigkeiten.Camb. Univ. Press (1958)[IŠ83] Iskovskih V., Šokurov V.
Biregular Theory of Fano 3-folds, volume 732 of Lect. Notes. Math. 1016.Springer (1983).Edited by L. Lonsted[Jup73] Jupp P.E.Classification of certain 6-manifolds.Mathematical Proceedings of the Cambridge Philosophical Society, 73(2) (1973) 293–300.
https://doi.org/10.1017/S0305004100076854[Mum79] Mumford D.An algebraic surface with k ample, (k2) = 9, pg = q = 0.American Journal of Mathematics, 101(1) (1979) 233–244[PI99] Prokhorov Y.G., Iskovskikh V.A.
Algebraic Geometry V: Fano Varieties.Encyclopaedia of Mathematical Sciences. Springer Berlin, Heidelberg (1999).Edited by A. N. Parshin and I. R. Shafarevich, https://link.springer.com/book/9783540614685

74 / 76

https://arxiv.org/abs/2405.03015
https://doi.org/10.1007/978-1-4757-3849-0
https://doi.org/10.1017/S0305004100076854
https://link.springer.com/book/9783540614685


References IV
[PY07] Prasad G., Yeung S.K.Fake projective planes.Inventiones mathematicae, 168(2) (2007) 321–370[Sco05] Scorpan A.

The Wild World of 4-Manifolds.American Mathematical Society, Providence, R.I. (2005)[Voi03] Voisin C.
Hodge Theory and Complex Algebraic Geometry II.Cambridge Studies in Advanced Mathematics. Cambridge University Press (2003)[Wal66] Wall C.T.C.Classification problems in differential topology. V.Inventiones mathematicae, 1(4) (1966) 355–374[Wol62] Wolstenholme J.On certain properties of prime numbers.The Quarterly Journal of Pure and Applied Mathematics, 5 (1862) 35–39[Yeu10] Yeung S.K.Uniformization of Fake Projective Four Space.Acta Mathematica Vietnamica, 35(1)[Zhu80] Zhubr A.V.Classification of simply connected six-dimensional manifolds.Dokl. Akad. Nauk SSSR, 255(6) (1980) 1312–1315

75 / 76



Thank you for attention!

76 / 76


