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n-Valued Monoids
An n-valued monoid is a set X equipped with an operation

∗ : X × X → Symn(X )
where Symn(X ) = X×n/Sn is the set of unordered n-tuples ofelements of X :

Associativity. The n2-multisets
[x ∗ w | w ∈ y ∗ z ],[w ∗ z | w ∈ x ∗ y]

coincide.
Strong unit. e ∗ x = x ∗ e = [x, x, . . . , x︸ ︷︷ ︸

n times
] for every x ∈ X .

Weak unit. e ∗ x ∋ x and x ∗ e ∋ x for every x ∈ X .
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n-Valued Groups
An n-valued group X is an n-valued monoid equipped with aninverse map inv : X → X.

For every x ∈ X , we have two options:
Weak inverse map. x ∗ inv(x) ∋ e, inv(x) ∗ x ∋ e.
Strong inverse map. x ∗ inv x = inv x ∗ x = [e, . . . , e︸ ︷︷ ︸

n times
].

The notions of homomorphisms, commutativity, kernels, andrelated concepts admit natural generalizations from the contextof 1-valued groups to that of n-valued groups.
Example. For n = 1, we get the usual definition of a group.
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n-Diagonal Construction
n-diagonal construction of a single-valued monoid (group) G isthe n-valued monoid (group) diag(G) in which

g1 ∗ g2 = [g1g2, . . . , g1g2︸ ︷︷ ︸
n times

]
for any g1, g2 ∈ G.
Similarly, the n-diagonal is defined for any m-valued monoid(group), yielding an mn-valued monoid (group).
n- and n′-valued monoids X and X ′ are isomorphic if thereexists a isomorphism φ : X → X ′ preserving the unit, φ(e) = e′:

mz
x,y

n = mφ(z)
φ(x),φ(y)

n′ ,where mz
x,y denotes the multiplicity of the element z in theproduct x ∗ y. 4 / 80



Adding a Point
Let’s consider the following construction [BR98]. If G is a1-valued group and x is an indeterminate, let Ĝ = G ∪ {x}.Define the multimplication:

x ∗ x = e,

x ∗ g = g ∗ x for all g ∈ G\{e},

g1 ∗ g2 = {g1g2, if g1g2 ̸= e,[e, x ] if g1g2 = e and g1 ̸= e.
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Coset (Étale) ConstructionGiven 1-valued group G with multiplication µ0, identity eG , andinverse invG(u) = u−1, and given H < Aut(G), |H| = n.
Consider the set of orbits X := G/H with projection π : G → Xand an n-valued multiplication

µ : X × X → Symn(X )
µ(x, y) = [π(µ0(u, h(v ))) | h ∈ H ]where u ∈ π−1(x) and v ∈ π−1(y).Theorem (Buchstaber, [Buc06])

The multiplication µ defines an n-valued multiplication on Xwith identity ex = π(eG) and inverse invX (x) = π(invG(u)), where
u ∈ π−1(x).
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Groups Gn

Consider the operation ∗ : C×C → Symn(C) that assigns toeach pair of complex numbers x and y the multiset
x ∗ y = [( n

√
x + εr n

√y)n | r = 1, . . . , n]
of n complex numbers, where ε is a primitive nth root of unity,and n

√
· denotes a fixed root branch.

The operation ∗, the identity element 0, and the inverseinv(x) = (−1)nx endow the set of complex numbers C with thestructure of a commutative n-valued group Gn.
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Groups Gn

Gn’s are examples of coset groups.

Let G be the additive subgroup of C. Let ε = e2πi/n. Consider anautomorphism
φ : z 7→ εzWe have the projection

π : C → C /⟨φ⟩ ∼= C
z 7→ zn

So, in this case we get
x ∗ y = [( n

√
x + εr n

√y)n | r = 1 . . . n]
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Polynomials pn(z ; x, y)
Introduce the following symmetric polynomials:

pn(z ; x, y) = ∏
w∈inv(x)∗inv(y)(z − w )

p1 = σ1,
p2 = σ 21 − 4σ2,
p3 = σ 31 − 27σ3,
p4 = σ 41 − 23σ 21 σ2 + 24σ 22 − 27σ1σ3,
p5 = σ 51 − 54σ 21 σ3 − 55σ2σ3,
p6 = σ 61 − 22 · 3σ 41 σ2 − 2 · 34 · 17σ 31 σ3 + 24 · 3σ 21 σ 22

− 23 · 34 · 19σ1σ2σ3 − 26σ 32 + 33 · 193σ 23where σ ′
j s are elementary symmetric polynomials in x, y, z .
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Polynomials pn(z ; x, y)For p11(z ; x, y) we have:
{19, 0, 0} → 11
{16, 0, 1} → −111311941981971
{14, 1, 1} → 21196471199145831
{13, 0, 2} → 31197942163193558731
{12, 2, 1} → −11511982417187531
{11, 1, 2} → 111199111771125381723571
{10, 3, 1} → 71191036933311
{10, 0, 3} → −1132191037206889767165814731
{9, 2, 2} → 1111911274914711657302311
{8, 4, 1} → −1171191223110911271
{8, 1, 3} → 1311912625037552072696808971
{7, 3, 2} → 221913118901145606045131
{7, 0, 4} → 23511914733139551147537911450121691
{6, 5, 1} → 2131111191413071

where, e.g., (10, 3, 1) → 71191036933311 means that thecoefficient of x10y3z equals 7 · 1910 · 3693331. 10 / 80



Polynomials pn(z ; x, y)One can define the n-valued group Gn via the roots ofpolynomials:
pn(z ; x, y) = n∏

r,s=1
(

n
√

z + εr n
√

x + εs n
√y
)
, ε = e2πi/n

p̃n = pn(z ; (−1)nx, (−1)ny)
x ∗ y = [z | z is a root of p̃n(z ; x, y)]

These polynomials were first introduced in [BN71] in thecontext of the theory of n-valued groups.
The problem of describing the structure of the coefficients of thepolynomials pn was posed in [Buc06], where also the explicitform of pn(z ; x, y) was given for 1 ⩽ n ⩽ 7. 11 / 80



Kronecker Sums
Recall the following definition:
Let A and B be arbitrary square matrices over the field k oforders m and n, respectively.
The Kronecker sum A ⊞ B of the matrices A ∈ Matm×m(k) and
B ∈ Matn×n(k) is the mn × mn matrix

A ⊞ B = A ⊗ In + Im ⊗ B.

This notion has many applications in various fundamental andapplied fields of science, including differential equations,quantum computing, machine learning, robotics, and others.
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Kronecker Sums
Proposition (Stephanos, [Sté00])
Let A ∈ Cm×m, B ∈ Cn×n, and p(x, y) = ℓ∑

j ,k=0 cjkx jyk ∈ C[x, y].Consider the matrix
p(A, B) = ℓ∑

j ,k=0 cjkAj ⊗ Bk

Let λ1, . . . , λm be the eigenvalues of the matrix A,
µ1, . . . , µn the eigenvalues of B.
Then the eigenvalues of the matrix p(A, B) are the mn numbers
p(λr , µs), where r = 1, . . . , m and s = 1, . . . , n.
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Frobenius Companion Matrices
Let f (t) be tm + am−1tm−1 + · · · + a0 ∈ C[t ].
The Frobenius companion matrix F (am−1, ..., a0) of thepolynomial f (t) is 

0 0 0 0 −a01 0 0 0 −a10 1 0 0 −a20 0 . . . ... ...0 0 0 1 −am−1

 .
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pn(z ; x, y) and Kronecker Sums
Proposition (Buchstaber, Kornev, 2025)The following statements hold for each natural n:

1 pn(z ; x, y) is symmetric in the variables x , y, and z .
2

pn(zn; x, y) = χ(F (0, . . . , 0, (−1)n+1x︸ ︷︷ ︸
n

)⊞F (0, . . . , 0, (−1)n+1y︸ ︷︷ ︸
n

); z)
3 The polynomial pn(z ; x, y) is a homogeneous polynomial inthe variables x , y, and z of degree n with integercoefficients.
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θ-Circulants
For any elements a0, ..., an−1 ∈ k, introduce a θ-circulant matrix:

Circθ(a0, . . . , an−1) =


a0 θa1 θa2 · · · θan−1
an−1 a0 θa1 . . . ...
an−2 an−1 a0 . . . θa2... . . . . . . . . . θa1
a1 · · · an−2 an−1 a0


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Wendt Matrices
This class contains Wendt matrices Wn of the form

1 (n1) (n2) · · ·
( n

n−1)( n
n−1) 1 (n1) · · ·

( n
n−2)... ... ... . . . ...(n1) (n2) (n3) · · · 1


Proposition (Wendt, [Wen94])
Let p be an odd prime and q = 2kp + 1 be prime for some k ⩾ 1.Then there exist integers x, y, z , not divisible by q, such that

xp + yp + zp ≡ 0 (mod q)
if and only if q divides det W2k .
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Wendt Matrices
Following tradition, we say that the first case of Fermat’s
theorem is true for the odd prime exponent p when:
if x, y, z are (non-zero) integers, not multiples of p, then
xp + yp ̸= zp.
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Wendt Matrices
Theorem (Germain, Legendre, 1823, [Rib99])Let p and q be distinct odd prime numbers, and suppose thefollowing conditions hold:

If a, b, c are integers and ap + bp + cp ≡ 0 (mod q), then
q | abc .
There is no integer m such that mp ≡ p (mod q).

Then the first case of Fermat’s Last Theorem holds for theexponent p.
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Wendt Matrices
In 1991, Fee and Granville computed the factors of (themodified) det Wn for every even n ≤ 200 (including when 6divides n). From these calculations, it followed:
If k ≤ 100, if p and 2kp + 1 are primes, then the first case ofFermat’s last theorem is true for the exponent p.
The result follows from the explicit determination of the factorsof W2k (for 2k ≤ 200) and the verification that the conditions oftheorem above are satisfied.
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pn(z ; x, y) and Wendt Matrices
Theorem (Buchstaber, Kornev, 2025)The polynomial pn(z ; x, y) defining the n-valued multiplication isthe determinant of a y-circulant n × n matrix:

Circy

(
wn + (−1)n+1x + y,

(
n1
)

w, . . . ,
(

n
n − 1

)
wn−1)

where wn = z .
These matrices generalize the Wendt matrices (the substitution
x = (−1)n, y = z = 1).
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pn(z ; x, y) and Wendt Matrices
p2 = ∣∣∣∣ w2 − x + y 2wy2w w2 − x + y

∣∣∣∣
p3 =

∣∣∣∣∣∣
w3 + x + y 3yw 3yw23w2 w3 + x + y 3yw3w 3w2 w3 + x + y

∣∣∣∣∣∣

p4 =
∣∣∣∣∣∣∣∣

w4 − x + y 4yw 6yw2 4yw34w3 w4 − x + y 4yw 6yw26w2 4w3 w4 − x + y 4yw4w 6w2 4w3 w4 − x + y

∣∣∣∣∣∣∣∣
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The Coefficients of pn(z ; x, y)
Theorem (Buchstaber, Kornev, 2025)For prime n ⩾ 5, the polynomial

pn(z ; x, y) − (x + y + z)n
is divisible by n4xyz .
This result follows from the above observations and from thefollowing:Theorem (Wolstenholme, [Wol62])(2n − 1

n − 1
)

− 1
is divisible by n3 for primes n ⩾ 5.
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Finite Discrete Groups: First Examples
It is easy to see that every n-valued group G on the singletonset {0} is a diagonal construction [Buc06, Lemma 1] of thetrivial group.
Each n-valued group G on the two-element set {0, 1} with unit0 is determined by a pair of non-negative integers (a, b) with
a + b = n, a > 0, since there is only one nontrivial relation:

1 ∗ 1 = a · 0 + b · 1.
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Discrete Groups Xn

For each n ⩾ 3, there exists a commutative n-valued group Xnon the set {0, 1, 2} with unit 0 [Kor25, Example 3]:
1 ∗ 1 = [0, 2, . . . , 2︸ ︷︷ ︸

n−1
]

1 ∗ 2 = [0, 1, 2, . . . , 2︸ ︷︷ ︸
n−2

]
2 ∗ 2 = [0, 1, 1, 2, . . . , 2︸ ︷︷ ︸

n−3
]
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Non-coset Groups
For every n-valued group on a set X , in addition to the inversemap inv : X → X , we define a multivalued inverse mapInv : X → P(X ) taking values in the set of all finite subsets of X :

Inv(x) = {y ∈ X | x ∗ y ∋ e, y ∗ x ∋ e}.

An n-valued group has a uniquely defined inverse map if andonly if inv = Inv. We call such groups reversible; otherwise, wecall them non-reversible.
Every coset group is reversible. So, Xn is not a coset group.
For Xn, the inverse map inv may be defined in four differentways: Inv(1) = Inv(2) = {1, 2}.
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Combinatorial Algebras
An n-valued group (X, ∗, inv) is called ⋆-involutive if theinverse map x 7→ inv(x) is an involution satisfying the followingconditions:

1 For any x ∈ X , one has x ∗ y ∋ e if and only if y = inv(x).
2 m(x) = m(inv(x)), where m(x) = me

x,inv(x) is the multiplicity of
e in the product x ∗ inv(x).

3 inv(x ∗ y) = inv(y) ∗ inv(x) for all x, y ∈ X .
The category of combinatorial algebras and the category of
multivalued involutive groups are equivalent [BVEP96].
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The Classification of n-Valued Monoids
The complete classification of all ⋆-involutive n-valued groupsof order 3 was achieved in [Pon24, GPV25], based on theclassification of all single-valued finite groups of rank 3.
A full classification of n-valued monoids and groups of order 3has been recently obtained by Kornev in arXiv:2508.04454[Kor25].
As a corollary, there are non-⋆-involutive non-coset n-valued
groups.
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Classification of n-Valued Monoids of Order 3
Proposition (Kornev, 2025)Let X = (e, x1, x2)⊤ and

(
x1
x2
)⊛2 =


a0 a1 a2
b0 b1 b2
d0 d1 d2
c0 c1 c2

X = B X .

Then every n-valued monoid on the set X is represented by oneof the following matrices B = Bj , provided that all fractionalexpressions yield non-negative integers:
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B1 =


a0 n − a0 00 0 n0 0 n
c0 c0n

a0 n − c0 − c0n
a0

 ,

B2 =


a0 a1 n − a0 − a1
b0 b1 n − b0 − b1
b0 b1 n − b0 − b1

b0(n−b0−b1)+a0b1−a1b0
n−a0−a1 (b0+b1)(n−b1)

n−a0−a1 (n−b0−b1)2+n(b1−a0−a1)+a1b0−a0b1
n−a0−a1

 ,

B3 =


0 n 00 n 00 n 0
c0 c1 n − c0 − c1

 , B4 =


0 n 00 0 n0 0 n0 c1 n − c1

 ,

B5 =


0 n 00 n 00 0 n0 0 n

 , B6 =


0 n 00 0 n0 n 00 0 n

 .
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Corollaries from the Classification
Corollary (Kornev, 2025)Every commutative n-valued monoid of order 3 belongs to oneof the first four series.
Every noncommutative monoid is a diagonal of one of the twononcommutative single-valued monoids.
In particular, all n-valued groups of order 3 are commutative,and there exist only two noncommutative multivalued monoidsup to isomorphism.
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Corollary (Kornev, 2025)Every ⋆-involutive n-valued group has as its matrix B aboveone of the following:
B̃1 =


m(x1) a(x1) n − m(x1) − a(x1)0 a(x1, x2) n − a(x1, x2)0 a(x1, x2) n − a(x1, x2)
m(x2) a(x2) n − m(x2) − a(x2)

 ,

B̃2 =


0 a(x1) n − a(x1)
n − 2a(x1) a(x1) a(x1)
n − 2a(x1) a(x1) a(x1)0 n − a(x1) a(x1)

 ,

a(x1, x2) = r (n − m(x1) − a(x1)), a(x2) = r (n − a(x1, x2)), r = m(x2)
m(x1) ,and m(x1), m(x2), a(x1) are free parameters.
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As shown in [GPV25, Theorem 1.1], an n-valued group from theseries B̃2 with n = 2k + 1 is a coset group if and only if
B̃2 =


0 k k + 11 k k1 k k0 k + 1 k

 ,

and 4k + 3 is a power of a prime number.
The classification of coset groups from the series B̃1 is relatedto the classification of finite single-valued permutation groupsof rank 3 and the theory of strongly regular graphs [GPV25].
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Involutive GroupsIn the paper [BVG22], in connection with Conway’s topograph,the notion of an involutive 2-valued group was introduced.
DefinitionA reversible n-valued group on a set X is called involutive ifinv(x) = x for every x ∈ X .
Every commutative involutive group is ⋆-involutive.
The article [BVG22] gives a complete classification of involutive2-valued groups.
In the work [Gai24], it is shown that every involutive 2-valuedgroup is commutative.
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The Diagram of Embeddings
CommutativeInvolutive ⋆-Involutive Reversible

Coset
Corollary (Kornev, 2025)Groups from the series B1 are involutive. A group from theseries B2 is involutive if and only if b0 = 0.
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Algebraic n-Valued Monoids and Groups
An algebraic n-valued monoid is an algebraic variety Xequipped with an associative n-valued multiplication given by a
rational morphism X × X → Symn(X ) with a neutral element
e ∈ X such that

x ∗ e = e ∗ x = [x, x, . . . , x ] for every x ∈ X.

An algebraic n-valued group is an algebraic n-valued monoidon X together with a regular morphism inv : X → X such thatfor any x ∈ X the following two conditions hold:
e ∈ x ∗ inv(x), e ∈ inv(x) ∗ x.

36 / 80



Hadamard monoid on CP1
Consider CP1 = C∪{∞}.
There is a structure of a 1-valued commutative algebraic monoid
Mmult(CP1) with identity element 1 = [1 : 1] and multiplication

(z1 : z0) · (w1 : w0) = (z1w1 : z0w0),
defined on (Sym2 CP1)\{[0, ∞]}.
The element ∞ = (1 : 0) is absorbing in this monoid, i.e.
z ∗ ∞ = ∞ for each z ∈ CP1\{0}.
The elements of CP1\{0, ∞}, and only they, have inverseinv(z1 : z0) = (z0 : z1).
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Monoid Mcusp(CP1)
On CP1 = C∪{∞} there is also a structure Mcusp(CP1) of a1-valued commutative algebraic monoid with neutral element 0and addition

(z1 : z0) · (w1 : w0) = (z1w0 + z0w1 : z0w0),
defined on (Sym2 CP1)\{[∞, ∞]}.
The elements of CP1\{∞}, and only they, have inverseinv(z1 : z0) = (−z1 : z0).
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Theorem (Buchstaber, Kornev, 2025)The structure of the group Gn(C) extends (only) to the structureof an algebraic n-valued coset monoid Mn(CP1) on CP1. Herethe point ∞ is absorbing, i.e. ∞ ∗ x = x ∗ ∞ = [∞, ∞, . . . , ∞] forany x ∈ CP1\{∞}, and the value ∞ ∗ ∞ is undefined.
∗ : CP1 × CP1 −→ CPn

(x1 : x0) ∗ (y1 : y0) = (bn : b1 : · · · : b0),where bj = bj (x, y) is the coefficient of zn−j1 z j0 in thehomogeneous polynomial
(x0y0z0)n pn

(
z1
z0 ; (−1)n x1

x0 , (−1)n y1
y0
)

whenever (x1 : x0) and (y1 : y0) are not both equal to (1 : 0) =: ∞.
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The Chebyshev Coset MonoidOn Mmult(CP1) consider the involution τ : z 7→ 1/z for each
z ∈ CP1.
Points of the orbit space of the involution τ are represented byfibers of the branched double covering

π : CP1 → CP1
z 7→ 12(z + 1/z

)
with branch points ±1.
The corresponding coset monoid Mmult(CP1) := Mmult(CP1)⟨τ⟩has identity 1 and multiplication

x ∗ y = [xy ±
√(x2 − 1)(y2 − 1)] ,

defined on (Sym2 CP1)\[∞, ∞]. 40 / 80



The Chebyshev Coset Monoid
This structure of a 2-valued algebraic monoid does not extendto a structure of a 2-valued algebraic group.
The addition law is given by the roots in z of the polynomial

Pmult(z ; x, y) = z2 − 2xy z + x2 + y2 − 1.

With the multiplication in homogeneous coordinates:
CP1 × CP1 → Sym2(CP1) ∼= CP2

(x1 : x0) ∗ (y1 : y0) = (x21 y20 + y21x20 − x20 y20 : −2x1y1x0y0 : x20 y20).
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The Chebyshev Coset Monoid
For x = cos α , y = cos β, the addition becomes the cosineaddition formulas. Let

Tj = Tj (cos α) = cos jα

be the classical Chebyshev polynomials of the first kind ( j ≥ 0).Then
Tj ∗ Tk = [Tj+k , T| j−k|].Consider the 2-valued submonoid T = T(C) of Mmult(CP1)generated by taking integral nonnegative powers of theelement cos α .
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Regular and n-Algebraic n-Valued Monoids
We say that an algebraic n-valued monoid (or group) on X is
regular if the n-valued multiplication X × X → Symn(X ) isdefined on all of X × X .
A symmetric n-algebraic n-valued monoid (group) on C is analgebraic n-valued monoid (group) GC( f (z ; x, y)) whose(partially defined) multiplication

x ∗ y = [z | f (z ; x, y) = 0]
is given by a symmetric polynomial f (z ; x, y) in which eachvariable appears with degree at most n.
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Buchstaber Polynomials
Consider a 3-parametrized family of polynomials:
Ba(z ; x, y) = (x +y+z −a2xyz)2−4(1+a3xyz)(xy+yz+xz+a1xyz)
In elementary symmetric functions:
Ba(z ; x, y) = (e21 −4e2)−4a1e3 −2a2e1e3 −4a3e2e3+(a22 −4a1a3)e23.

The polynomials Ba(z ; x, y) endow C with the structure of theuniversal regular algebraic 2-valued group GC(Ba) for any
a ∈ C3, with addition

x ∗ y = [ z | Ba(z ; x, y) = 0 ],
neutral element 0, and inversion map inv(x) = x [BV19, Theorem6.3], [BK25b, Theorem 1].
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Let’s Draw an Elliptic Curve:
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Weierstrass Form of a Cubic
Let δa = ∆t

(
t3 + a1t2 + a2t + a3) be the discriminant. Then

δa = −4a3a31 + a22a21 + 18a2a3a1 − 4a32 − 27a23.

Let E be an irreducible cubic over the field C. As is well known(see, e.g., [FW69, Exercise 5–24]), E is isomorphic to a cubicgiven in CP2 with coordinates (x : y : z), in the chart {z = 1}, by
E = { y2 = x3 + a1x2 + a2x + a3 }.

As an abelian variety over C, a cubic admits onlyautomorphisms of orders 2, 3, 4, and 6 [Har77, Corollary 4.7].
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Let complex parameters α, g2, g3 be such that
y2 = (x + α)3 − g24 (x + α) − g34 ,


a1 = 3α,
a2 = 3α2 − g24 ,
a3 = α3 − g2α4 − g34 .

Recall that the group law
(x1, y1) ⊕ (x2, y2) = (x3, y3)

on E is given ( for distinct points of E) by
x3 = −x1 − x2 − 3α +(y1 − y2

x1 − x2
)2

,

y3 = (x1 − x3) · y1 − y2
x1 − x2 − y1.

(1)
In the coincident case, (1) is understood via the limit as x2 → x1.47 / 80



2-Valued Structures on CP1
There is a branched double covering

π : E → CP1,(x, y) 7→ x,
∞ 7→ ∞.with branch points at {x3 + a1x2 + a2x + a3 = 0} and at ∞. Thefibers of π are in bijection with the points of the orbit space

E /⟨σ⟩ for the involution
σ : (x, y) 7→ (x, −y),

∞ 7→ ∞Applying the coset construction, we obtain a structure E⟨σ⟩ of acoset algebraic 2-valued group on CP1 with neutral element ∞:
x1 ∗ x2 = [−x1 − x2 − 3α +(y1 ± y2

x1 − x2
)2]

.
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2-Valued Structures on CP1
PropositionThe values of x1 ∗ x2 are the roots of a quadratic polynomial
D(z ; x1, x2) in z :

D(z ; x1, x2) = Θ0(x1, x2) z2 + Θ1(x1, x2) z + Θ2(x1, x2),

Θ0 = 16(x1 − x2)2,
Θ1 = 8(2g3 + g2(x1 + x2 + 2α)−

− 4(x1x2(x1 + x2) + 6x1x2α + 3(x1 + x2)α2 + 2α3)),
Θ2 = (g2 + 4x1x2)2 + 16g2(x1 + x2)α + 24(g2 − 4x1x2)α2

− 64(x1 + x2)α3 − 48α4 + 16g3(x1 + x2 + 3α).
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Generalized Kontsevich Polynomial
In [BGR24], D(z ; x1, x2) was called the generalized Kontsevich
polynomial. The first appearance of these polynomials, is due tothe explicit computations in Geometric LanglandsCorrespondence.
As noted in [BGR24], one has

Da(z ; x, y) = (xyz)2 Ba

(
−1

z ; −1
x , −1

y

)
,

where Da(z ; x, y) is the generalized Kontsevich polynomial.
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2-Valued Structures on CP1
Theorem (Buchstaber, Gaiur, Rubtsov) [BGR24]
(I) If δa ̸= 0, the algebraic 2-valued group GCP1(Da) ∼= GCP1(Ba)with identity ∞ is the regular coset group E⟨σ⟩ for the group ofpoints of the elliptic curve E with respect to the involution
σ : (x, y) 7→ (x, −y). The group GCP1(Ba) on CP1 has zero (0 : 1)and addition

µa : CP1 × CP1 → CP2(x1 : x0) ∗ (y1 : y0) = (u2 : u1 : u0)


u2 = (x1y0 − x0y1)2,
−12u1 = x1x0(2a1y1y0 + a2y21 + y20) + x21 y1(a2y0 + 2a3y1) + x20 y0y1,

u0 = x21 y1(a22y1 − 4a3(a1y1 + y0))− 2x0x1y1(a2y0 + 2a3y1) + x20 y20.
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2-Valued Structures on CP1

Theorem (Buchstaber, Kornev, 2025)
(II) The isomorphism class of the coset algebraic 2-valued group
GCP1(Ba) is completely determined by the j-invariant of theelliptic curve E:

j(a) = 6912 (3a2 − a21)34(3a2 − a21)3 + (27a3 − 9a1a2 + 2a31)2 .
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3-Valued Structures on CP1

There is a unique projective equivalence class of nonsingularcubic curves whose groups of points contain elements of order 3(in this case the j-invariant equals 0).
For each complex number c ̸= 0, the equiharmonic cubic

E = { y2 = x3 + c }

belongs to this class [Dol12, Theorem 3.1.3].
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3-Valued Structures on CP1
Introduce the slope

m = m
((x1, y1), (x2, y2)) = y1 − y2

x1 − x2 .Then we have for the addition law:{
x3 = −x1 − x2 + m2,
y3 = m(x1 − x3) − y1.The curve E admits an automorphism
φ3 : (x, y) 7→ (εx, y)of order 3 as an abelian variety, where ε = e2πi/3. Indeed,

φ3(x1, y1) ⊕ φ3(x2, y2) =(−εx1 − εx2 +( y1 − y2
εx1 − εx2

)2
,

y1 − y2
εx1 − εx2 (εx1 − εx3) − y1

) = φ3(x3, y3).54 / 80



3-Valued Structures on CP1
The orbit {(x, y), (εx, y), (ε2x, y)} of the automorphism φ3corresponds bijectively to the value of y. There is a branchedtriple covering

π : E → CP1(x, y) 7→ y,
∞ 7→ ∞.whose base is identified with the orbit space E /⟨φ3⟩. Thebranch points are ±

√
c and ∞.

y1 ∗ y2 = [ π((x1, y1) ⊕ (εkx2, y2)) | k = 0, 1, 2 ]
= [mk

(2 3√y21 − c + εk 3√y22 − c − m2
k

)
− y1

]
,

where mk = y1 − y23√ y21 − c − εk 3√ y22 − c
, k = 0, 1, 2.
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3-Valued Structures on CP1
Theorem (Buchstaber, Kornev, 2025)On CP1, for each nonzero c ∈ C there exists a structure (whichwe call equiharmonic) of an algebraic 3-valued coset group
G3,eqh(CP1) with neutral element 0, the map inv(x) = −x , andaddition given by the polynomial p3,eqh(z ; x, y), where

p3,eqh(−z ; x, y) = e 31 − 27e3+ 18c e 21 e3 − 54c e2e3 − 27c2e 22 e3 + 81c2e1e 23 ,

and ek denotes the k-th elementary symmetric function in
x, y, z . All such 3-valued groups are isomorphic.
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Symmetric 3-Algebraic 3-Valued Groups
Let us now describe all symmetric 3-algebraic 3-valued groups.
The general form of the polynomials P3 is as follows:

σ 31 + k0σ3 + k6σ 23 + k12σ 33 + k2σ1σ3 + k4σ2σ3 + ℓ6σ1σ2σ3+ ℓ4σ 21 σ3 + k8σ 22 σ3 + ℓ8σ 23 σ1 + k10σ 23 σ2,where σi’s are elementary symmetric polynomials and ki’s areparameters.
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Theorem (Buchstaber, Kornev, 2025)There are two classes of symmetric 3-algebraic 3-valuedgroups:
(I) If k0 = −27, we have

P3(z ; −x, −y) = (σ 31 − 27σ3) + 18cσ 21 σ3 − 54cσ2σ3 − 27c2σ 22 σ3+ 81c2σ1σ 23 .

(II) If k0 = 0, we have
P3(z ; −x, −y) = (σ1 + ασ3)3 ,

In this case, the 3-valued group is obtained by the diagonalconstruction G × G µ // G Sym3 ◦ diag // Sym3(G) from the1-algebraic 1-valued group G, constructed by the polynomial
P1(z ; −x, −y) = σ1 + ασ3.
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4-Valued Structures on CP1

There is a unique projective equivalence class of nonsingularcubic curves whose automorphism group is isomorphic to Z /4(in this case the j-invariant equals 1728).
This class consists of the harmonic cubics [Dol12, Theorem 3.1.3]

E = { y2 = x3 + bx }.
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Consider the map
φ4 : E → E(x, y) 7→ (−x, iy)which is clearly an automorphism of the abelian variety E. Theorbit space E /⟨φ4⟩ is identified with the fibers of

π4 : E → CP1(x, y) 7→ x2,
∞ 7→ ∞Write the 4-valued addition law:

x1 ∗ x2 = [π4((x1, y1), φ r4 (x2, y2)) | r = 0, . . . , 3 ]= [(−√
x1 − (−1)ℓ√x2 + m 2

ℓ,k
)2 ∣∣∣ k, ℓ = 0, 1] ,

(2)
where

mℓ,k =
√√

x31 + b√x1 − (−1)k ·
√(−1) ℓ

(√
x32 + b√x2)

√ x1 − (−1) ℓ√ x2 .
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4-Valued Structures on CP1
Theorem (Buchstaber, Kornev, 2025)On CP1, for each nonzero b ∈ C there exists a structure (whichwe call harmonic) of an involutive algebraic 4-valued cosetgroup G4,har(CP1) with neutral element 0, whose addition isgiven by the polynomial

p4,har(z ; x, y) = e41 − 8 e21e2 + 16 e22 − 128 e1e3
− 112 b e21e3 − 4 b2e31e3 − 64 b e2e3
− 112 b2e1e2e3 − 64 b2e23
− 288 b3e1e23 + 6 b4e21e23 − 136 b4e2e23
− 112 b5e33 − 4 b6e1e33 + b8e43where ek denotes the k-th elementary symmetric function in

x, y, z . All such 4-valued groups are isomorphic.
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6-Valued Structures on CP1

There is a unique projective equivalence class of nonsingularcubics (with j-invariant equal to 0) whose group of points isisomorphic to Z /6.
For each complex number c ̸= 0, the equiharmonic cubic

E = {y2 = x3 + c}

belongs to this class [Dol12, Theorem 3.1.3].
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Consider the map (ε = e2πi/3)
φ6 : E → E(x, y) 7→ (εx, −y),

∞ 7→ ∞.
φ6 is an automorphism of the abelian variety E. The points ofthe orbit space E /⟨φ⟩ are identified with the fibers of the map:

π6 : E → CP1(x, y) 7→ y2,
∞ 7→ ∞.

y1 ∗ y2 = [π6((x1, y1), φ r6 (x2, y2)) | r = 0, . . . , 5]
= [(mℓ,k

(2 3√ y1 − c + εk 3√ y2 − c − m2
ℓ,k
)

− √y1)2∣∣∣ k = 0, 1, 2;
ℓ = 0, 1

]
,

where mℓ,k = √y1 − (−1)ℓ√y23√ y1 − c − ε k · 3√ y2 − c .
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Theorem (Buchstaber, Kornev, 2025)For each nonzero c ∈ C, there exists a unique structure(equiharmonic) of an involutive 6-valued algebraic coset group
G6,eqh(CP1) with neutral element 0 and addition given by

p6,eqh(z ; −x, −y) = e61 − 22 · 3 e41e2 + 24 · 3 e21e22 − 26e32 − 2 · 34 · 17 e31e3
− 23 · 34 · 19 e1e2e3 + 33 · 193e23
− 25 · 32 · 11 c e41e3 − 22 · 33 · 5 c2e51e3 − 24 · 32 · 211 c e21e2e3
− 22 · 33 · 197 c2e31e2e3 − 23 · 35c3e41e2e3 − 26 · 32 · 52c e22e3
− 24 · 33 · 107 c2e1e22e3 − 24 · 37c3e21e22e3 − 2 · 36c4e31e22e3
− 26 · 35c3e32e3 − 23 · 37c4e1e32e3 + 24 · 33 · 72 · 19 c e1e23+ 22 · 33 · 47 · 53 c2e21e23 + 23 · 35 · 61 c3e31e23 + 2 · 37 · 17 c4e41e23+ 22 · 34 · 701 c2e2e23 + 23 · 36 · 7 · 13 c3e1e2e23 + 210 · 36c4e21e2e23+ 24 · 38 · 5 c5e31e2e23 + 2 · 37 · 5 · 17 c4e22e23 + 25 · 38 · 7 c5e1e22e23+ 22 · 39 · 17 c6e21e22e23 + 22 · 39 · 11 c6e32e23 + 23 · 311c7e1e32e23+ 312c8e42e23 − 23 · 312c3e33 − 2 · 39 · 5 · 47 c4e1e33
− 24 · 39 · 17 c5e21e33 − 22 · 39 · 5 c6e31e33 − 26 · 311c5e2e33
− 22 · 310 · 5 · 11 c6e1e2e33 − 23 · 311c7e21e2e33 − 23 · 311 · 5 c7e22e33
− 2 · 312c8e1e22e33 − 23 · 312c6e43 − 23 · 312c7e1e43+ 312c8e21e43 − 22 · 313c8e2e43 . 64 / 80



Nodal Case
We now turn to singular cubics.
The change of variables

x 7→ x + 1, y 7→ y + 1, z 7→ z + 1
shows that the Chebyshev Mmult(CP1) is isomorphic to themonoid GCP1(Ba) with a1 = 1, a2 = a3 = 0. This monoidcorresponds to the cubic

{y2 = x2(x + 1)}.
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Nodal CaseTheorem (Buchstaber, Kornev, 2025)Let α ̸= β ∈ C, and let E = {y2 = (x − α)2(x − β)}. Then theaddition of points on E and the involution σ define on CP1 aunique structure of a 2-valued coset algebraic monoid
Mnode(CP1) with neutral element ∞ and operation

x1 ∗ x2 = (√
x1 − β

√
x2 − β ± (α − β)

√
x1 − β ±

√
x2 − β

)2 + β

 ,

given by the Kontsevich polynomial Dα,β(−z ; −x1, −x2). Theelement α is absorbing, i.e., x ∗ α = α ∗ x = α for any
x ∈ CP1\{α}. The product α ∗ α is not defined. Moreover, theelement 0 has an inverse (inv(0) = 0, 0 ∗ 0 = [α(1 − α/(4β)), ∞])if and only if α ̸= 0.
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Cuspidal Case
Theorem (Buchstaber, Kornev, 2025)Let α ∈ C and let E = {y2 = (x − α)3}.
(I) The addition of points on E and the involution define on CP1a unique structure of a 2-valued coset algebraic monoid
M2(CP1).
(II) The group G3,eqh(CP1)) tends, as c → 0, to the monoid
M3(CP1).
(III) The group G4,har(CP1)) tends, as b → 0, to the monoid
M4(CP1).
(IV) The group G6,eqh(CP1)) tends, as c → 0, to the monoid
M6(CP1).
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Basics of Projective Duality
Consider a projective space P = P(VC). Hyperplanes in P formthe dual projective space P∗ = P(V ∗).
Let X ⊂ P be a closed irreducible algebraic subvariety.A hyperplane H ⊂ P is said to be tangent to X if there existsa smooth point x ∈ X such that x ∈ H and the tangent space to
H at x contains the tangent space to X at x , i.e. TxX ⊂ TxH .
Denote by X∨ ⊂ P∗ the closure of the set of all hyperplanestangent to X . The variety X∨ is called projectively dual to X .
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Basics of Projective Duality

The Coffee Cup Caustic.Grace Weir, 2005Reproduced from graceweir.com/page31/page31.html
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Basics of Projective Duality
Let H = {ℓ = 0}. Then
x is a singular point of X ∩ H ⇔ dℓ|Tx X = 0 ⇔ TxX ⊂ TxH.

If X is smooth and does not lie in any hyperplane, then
H ∈ X∨ ⇔ ∃ x ∈ X with TxX ⊂ TxH ⇔ H ∩ X is singular.
For any projective variety X ⊂ P we have (X∨)∨ = X .
If z ∈ X and H ∈ X∨ are smooth points, then

H is tangent to X at z ⇔ z ⊂ P∗ is tangent to X∨ at H .
If X is irreducible then X∨ is irreducible.
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Basics of Projective Duality

For any smooth curve X ⊂ P2 of degree d , according to Plückerformulas [GKZ94, Proposition 2.4], we have deg X∨ = d(d − 1).
Hence, X∨ cannot be smooth for deg X > 3 because (X∨)∨ = X .
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Basics of Projective Duality
Suppose that X is a hypersurface (not a hyperplane) in P(V ).Then X∨ = {∆X = 0} is a hypersurface in P(V ∗). We shall callthe X-discriminant the defining polynomial ∆X of X∨.
Example. For M12 = {x2 + y2 = z2}, we have

(M12 )∨ = {u2 + v2 + w2 = 0}.

Example [GKZ94]. For the curve M13 = {x3 + y3 = z3} we have
(M13 )∨ = {u6 + v 6 + w6 − 2u3v 3 − 2u3w3 − 2v 3w3 = 0}.

The curve (M13 )∨ is not smooth since M13 is smooth anddeg M13 = 3 > 2.
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Fermat Curves and Gd(C)
Theorem (Buchstaber, Kornev, 2025)Consider the Fermat curve (d ≥ 2)

M1
d = {xd + yd = zd}.

Then the dual curve (M1
d )∨ ⊂ (P2)∗ is given by the equation

pd−1(wd ; ud , vd ) = 0.
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Projective Duality is a Shift on Md ’sFor each d ≥ 2 consider a curve
Xd = {pd (z ; x, y) = 0}.

Theorem (Buchstaber, Kornev, 2025)Under projective duality the curve Xd (d ≥ 2) goes to
X∨

d = { (uvw )d−1 pd−1(1/w ; 1/u, 1/v ) = 0 } ⊂ (CP2)∗.
The composition of the duality Xd 7→ X∨

d with the subsequentMöbius transformation (u, v , w ) 7→ (1/u, 1/v , 1/w ) defines a shiftoperation
Md (CP1) 7→ Md−1(CP1)in the family of algebraic d-valued monoids.
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Fermat Hypersurfaces and pd,n’s
Theorem (Buchstaber, Kornev, 2025)Let Mn−1

d be a Fermat hypersurface
Mn−1

d = {xd1 + xd2 + ... + xd
n = zd}

in CPn with coordinates x1, ..., xn, z . The dual hypersurface isdefined by the equation
(Mn−1

d )∨ = {pd−1,n(wd ; ud1 , ..., ud
n ) = 0}

in (CPn)∗ with the dual coordinates u1, ..., un, w .
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