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Algebraic n-Valued Monoids and Groups
An algebraic n-valued monoid is an algebraic variety Xequipped with an associative n-valued multiplication given by a
rational morphism X × X → Symn(X ) with a neutral element
e ∈ X such that

x ∗ e = e ∗ x = [x, x, . . . , x ] for every x ∈ X.

An algebraic n-valued group is an algebraic n-valued monoidon X together with a regular morphism inv : X → X such thatfor any x ∈ X the following two conditions hold:
e ∈ x ∗ inv(x), x ∗ inv(x) = inv(x) ∗ x.
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Hadamard monoid on CP1
Consider CP1 = C∪{∞}.
There is a structure of a 1-valued commutative algebraic monoid
Mmult(CP1) with identity element 1 = [1 : 1] and multiplication

(z1 : z0) · (w1 : w0) = (z1w1 : z0w0),
defined on (Sym2 CP1)\{[0,∞]}.
The element ∞ = (1 : 0) is absorbing in this monoid, i.e.
z ∗ ∞ = ∞ for each z ∈ CP1\{0}.
The elements of CP1\{0,∞}, and only they, have inverseinv(z1 : z0) = (z0 : z1).
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Monoid Mcusp(CP1)
On CP1 = C∪{∞} there is also a structure Mcusp(CP1) of a1-valued commutative algebraic monoid with neutral element 0and addition

(z1 : z0) · (w1 : w0) = (z1w0 + z0w1 : z0w0),
defined on (Sym2 CP1)\{[∞,∞]}.
The elements of CP1\{∞}, and only they, have inverseinv(z1 : z0) = (−z1 : z0).
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Consider a polynomial
P(z ; x, y) = −x − y + z + αxyz,where α ∈ C. Then we have a 1-algebraic 1-valuedcommutative group on C with the operation

x ∗ y = x + y1 + αxy .This algebraic abelian group is isomorphic to the algebraic1-valued group of matrices of the form( 1 x
αx 1 )modulo multiplication by nonzero complex numbers, since thefollowing identity holds:( 1 x

αx 1 ) ·
( 1 y
αy 1 ) = (1 + αxy) ( 1 x+y1+αxy

α x+y1+αxy 1
)
.
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Etale Construction
Let M be a single-valued monoid on a set X , and let H be asubgroup of order n of its automorphism group Aut(M).
We call the coset n-valued monoid MH the result of applyingthe construction of [Buc06, Theorem 1] to M and H:
Let π : M → X = M/H , suppose π(g1) = x1 and π(g2) = x2.

x1 ∗ x2 = [π(g1 · ζ(g2)) | ζ ∈ H ].
PropositionThe notion of a coset monoid is well-defined.
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Polynomials pd(z ; x, y)Introduce the following symmetric integer polynomials:
pd (z ; x, y) = d∏

r,s=1
(

d
√

z + εr d
√

x + εs d
√y
)
,

where ε = e2πi/d and d
√

− denotes some branch of the root.
p1 = σ1,
p2 = σ 21 − 4σ2,
p3 = σ 31 − 27σ3,
p4 = σ 41 − 23σ 21σ2 + 24σ 22 − 27σ1σ3,
p5 = σ 51 − 54σ 21σ3 − 55σ2σ3,
p6 = σ 61 − 22 · 3σ 41σ2 − 2 · 34 · 17σ 31σ3 + 24 · 3σ 21σ 22

− 23 · 34 · 19σ1σ2σ3 − 26σ 32 + 33 · 193σ 23where σ ′
j s are elementary symmetric polynomials in x, y, z . 7 / 59



pd(z ; x, y) and Wendt Matrices
p2 = ∣∣∣∣ w2 − x + y 2wy2w w2 − x + y

∣∣∣∣
p3 =

∣∣∣∣∣∣
w3 + x + y 3yw 3yw23w2 w3 + x + y 3yw3w 3w2 w3 + x + y

∣∣∣∣∣∣

p4 =
∣∣∣∣∣∣∣∣

w4 − x + y 4yw 6yw2 4yw34w3 w4 − x + y 4yw 6yw26w2 4w3 w4 − x + y 4yw4w 6w2 4w3 w4 − x + y

∣∣∣∣∣∣∣∣
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θ-Circulants
For any elements a0, ..., an−1 ∈ k, introduce a θ-circulant matrix:

Circθ(a0, . . . , an−1) =


a0 θa1 θa2 · · · θan−1
an−1 a0 θa1 . . . ...
an−2 an−1 a0 . . . θa2... . . . . . . . . . θa1
a1 · · · an−2 an−1 a0


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Wendt Matrices
Theorem (Buchstaber, Kornev, 2025)The polynomial pd (z ; x, y) defining the d-valued multiplicationis the determinant of a y-circulant d × d matrix:

Circy

(
wd + (−1)d+1x + y,

(
d1
)

w, . . . ,
(

d
n − 1

)
wd−1)

where wd = z .
These matrices generalize the Wendt matrices known in thecontext of the Fermat Last Theorem (for the substitution
x = (−1)d , y = z = 1).
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Polynomials pd(z ; x, y)
Theorem (Buchstaber, Kornev, 2025)
For prime d ⩾ 5, the polynomial

pd (z ; x, y) − (x + y + z)d
is divisible by d4xyz.

This result follows from the above observations and from thefollowing:Theorem (Wolstenholme, [Wol62])(2d − 1
d − 1

)
− 1

is divisible by d3 for primes d ⩾ 5.
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Groups Gd(C)
The polynomial

pd (z ; (−1)dx, (−1)dy)defines a commutative algebraic d-valued group Gd (C) on Cwith multiplication
x ∗ y = [z | pd (z ; x, y) = 0],

neutral element 0 and inverse inv(x) = (−1)dx .
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Theorem (Buchstaber, Kornev, 2025)The structure of the group Gn(C) extends (only) to the structureof an algebraic n-valued coset monoid Mn(CP1) on CP1. Herethe point ∞ is absorbing, i.e. ∞ ∗ x = x ∗ ∞ = [∞,∞, . . . ,∞] forany x ∈ CP1\{∞}, and the value ∞ ∗ ∞ is undefined.
∗ : CP1 × CP1 −→ CPn

(x1 : x0) ∗ (y1 : y0) = (bn : b1 : · · · : b0),where bj = bj (x, y) is the coefficient of zn−j1 z j0 in thehomogeneous polynomial
(x0y0z0)n pn

(
z1
z0 ; (−1)n x1

x0 , (−1)n y1
y0
)

whenever (x1 : x0) and (y1 : y0) are not both equal to (1 : 0) =: ∞.
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Isomorphisms
Two algebraic (analytic, topological) n-valued monoids (groups)
X and Y are called isomorphic if there exists an isomorphism(homeomorphism) φ : X → Y inducing the commutative diagram

X × X //

∼=
��

Sym2(X )
∼=
��

Y × Y // Sym2(Y )
For example, the algebraic 1-valued monoids Mmult(CP1) and
Mcusp(CP1) are not isomorphic, since Mmult(CP1) has elements offinite order.
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Let M and N be 1-valued algebraic (topological) monoids, andlet A ⊂ Aut(M) and B ⊂ Aut(N) be finite subgroups of order
n.Say that two coset monoids MA and NB are isomorphic ifthere exist isomorphisms φ̃ : M → N and φ : M/A → N/B, s.t.:

M × M //

��

∼=φ̃×φ̃

vv

Symn(M)

��

∼=vv
N × N //

��

Symn(N)

��

M/A × M/A //

∼=φ×φ

vv

Symn(M/A)
∼=vv

N/B × N/B // Symn(N/B)
Moreover, all arrows connecting the front and back faces of theparallelepiped must be isomorphisms.
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Example of Isomorphism
Consider the discrete coset group from [Buc06, Section 4] onthe set Z+ of nonnegative integers with zero 0 and addition

x1 ∗ x2 = [x1 + x2, |x1 − x2|].
Compare it with the coset subgroup G2(Z+ ·Z+) ⊂ G2(C), whichhas zero 0 and addition

y1 ∗ y2 = [(√y1 + √y2)2, (√y1 − √y2)2]
for all nonnegative integers y1 and y2. The squaring map
x 7→ x2 is a bijection between the respective orbit spaces andmakes the square commute. Therefore, these two 2-valuedgroups are isomorphic.
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Regular and n-Algebraic n-Valued Monoids
We say that an algebraic n-valued monoid (or group) on X is
regular if the n-valued multiplication X × X → Symn(X ) isdefined on all of X × X .
A symmetric n-algebraic n-valued monoid (group) on C is analgebraic n-valued monoid (group) GC( f (z ; x, y)) whose(partially defined) multiplication

x ∗ y = [z | f (z ; x, y) = 0]
is given by a symmetric polynomial f (z ; x, y) in which eachvariable appears with degree at most n.
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Buchstaber Polynomials
Consider a 3-parametrized family of polynomials:
Ba(z ; x, y) = (x +y+z −a2xyz)2−4(1+a3xyz)(xy+yz+xz+a1xyz)
In elementary symmetric functions:
Ba(z ; x, y) = (e21 −4e2)−4a1e3 −2a2e1e3 −4a3e2e3+(a22 −4a1a3)e23.The polynomials Ba(z ; x, y) endow C with the structure of theuniversal regular algebraic 2-valued group GC(Ba) for any
a ∈ C3, with addition

x ∗ y = [ z | Ba(z ; x, y) = 0 ],
neutral element 0, and inversion map inv(x) = x [BV19, Theorem6.3], [BK25b, Theorem 1].
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The Chebyshev Coset MonoidOn Mmult(CP1) consider the involution τ : z 7→ 1/z for each
z ∈ CP1.
Points of the orbit space of the involution τ are represented byfibers of the branched double covering

π : CP1 → CP1
z 7→ 12(z + 1/z)with branch points ±1.

The corresponding coset monoid Mmult(CP1) := Mmult(CP1)⟨τ⟩has identity 1 and multiplication
x ∗ y = [xy ±

√(x2 − 1)(y2 − 1)] ,
defined on (Sym2 CP1)\[∞,∞]. 19 / 59



The Chebyshev Coset Monoid
This structure of a 2-valued algebraic monoid does not extendto a structure of a 2-valued algebraic group.
The addition law is given by the roots in z of the polynomial

Pmult(z ; x, y) = z2 − 2xy z + x2 + y2 − 1.
With the multiplication in homogeneous coordinates:

CP1 × CP1 → Sym2(CP1) ∼= CP2
(x1 : x0) ∗ (y1 : y0) = (x21 y20 + y21x20 − x20 y20 : −2x1y1x0y0 : x20 y20).
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The Chebyshev Coset Monoid
For x = cosα , y = cosβ, the addition becomes the cosineaddition formulas. Let

Tj = Tj (cosα) = cos jα

be the classical Chebyshev polynomials of the first kind ( j ≥ 0).Then
Tj ∗ Tk = [Tj+k , T| j−k|].Consider the 2-valued submonoid T = T(C) of Mmult(CP1)generated by taking integral nonnegative powers of theelement cosα .

We have an isomorphism T ∼= G2(Z+ ·Z+).
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Weierstrass Form of a Cubic
Let δa = ∆t

(
t3 + a1t2 + a2t + a3) be the discriminant. Then

δa = −4a3a31 + a22a21 + 18a2a3a1 − 4a32 − 27a23.Let E be an irreducible cubic over the field C. As is well known(see, e.g., [FW69, Exercise 5–24]), E is isomorphic to a cubicgiven in CP2 with coordinates (x : y : z), in the chart {z = 1}, by
E = { y2 = x3 + a1x2 + a2x + a3 }.

As an abelian variety over C, a cubic admits onlyautomorphisms of orders 2, 3, 4, and 6 [Har77, Corollary 4.7].
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Let complex parameters α, g2, g3 be such that
y2 = (x + α)3 − g24 (x + α) − g34 ,


a1 = 3α,
a2 = 3α2 − g24 ,
a3 = α3 − g2α4 − g34 .Recall that the group law

(x1, y1) ⊕ (x2, y2) = (x3, y3)
on E is given ( for distinct points of E) by

x3 = −x1 − x2 − 3α +(y1 − y2
x1 − x2

)2
,

y3 = (x1 − x3) · y1 − y2
x1 − x2 − y1.

(1)
In the coincident case, (1) is understood via the limit as x2 → x1.23 / 59



2-Valued Structures on CP1
There is a branched double covering

π : E → CP1,(x, y) 7→ x,
∞ 7→ ∞.with branch points at {x3 + a1x2 + a2x + a3 = 0} and at ∞. Thefibers of π are in bijection with the points of the orbit space

E /⟨σ⟩ for the involution
σ : (x, y) 7→ (x,−y),

∞ 7→ ∞Applying the coset construction, we obtain a structure E⟨σ⟩ of acoset algebraic 2-valued group on CP1 with neutral element ∞:
x1 ∗ x2 = [−x1 − x2 − 3α +(y1 ± y2

x1 − x2
)2]

.
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2-Valued Structures on CP1
PropositionThe values of x1 ∗ x2 are the roots of a quadratic polynomial
D(z ; x1, x2) in z :

D(z ; x1, x2) = Θ0(x1, x2) z2 + Θ1(x1, x2) z + Θ2(x1, x2),

Θ0 = 16(x1 − x2)2,
Θ1 = 8(2g3 + g2(x1 + x2 + 2α)−

− 4(x1x2(x1 + x2) + 6x1x2α + 3(x1 + x2)α2 + 2α3)),
Θ2 = (g2 + 4x1x2)2 + 16g2(x1 + x2)α + 24(g2 − 4x1x2)α2

− 64(x1 + x2)α3 − 48α4 + 16g3(x1 + x2 + 3α).
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Generalized Kontsevich Polynomial
In [BGR24], D(z ; x1, x2) was called the generalized Kontsevich
polynomial. The first appearance of these polynomials, is due tothe explicit computations in Geometric LanglandsCorrespondence.
As noted in [BGR24], one has

Da(z ; x, y) = (xyz)2 Ba

(
−1

z ; −1
x ,−

1
y

)
,

where Da(z ; x, y) is the generalized Kontsevich polynomial.
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2-Valued Structures on CP1
Theorem (Buchstaber, Gaiur, Rubtsov) [BGR24]
(I) If δa ̸= 0, the algebraic 2-valued group GCP1(Da) ∼= GCP1(Ba)with identity ∞ is the regular coset group E⟨σ⟩ for the group ofpoints of the elliptic curve E with respect to the involution
σ : (x, y) 7→ (x,−y). The group GCP1(Ba) on CP1 has zero (0 : 1)and addition

µa : CP1 × CP1 → CP2(x1 : x0) ∗ (y1 : y0) = (u2 : u1 : u0)


u2 = (x1y0 − x0y1)2,
−12u1 = x1x0(2a1y1y0 + a2y21 + y20) + x21 y1(a2y0 + 2a3y1) + x20 y0y1,

u0 = x21 y1(a22y1 − 4a3(a1y1 + y0))− 2x0x1y1(a2y0 + 2a3y1) + x20 y20.
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2-Valued Structures on CP1

Theorem (Buchstaber, Kornev, 2025)
(II) The isomorphism class of the coset algebraic 2-valued group
GCP1(Ba) is completely determined by the j-invariant of theelliptic curve E:

j(a) = 6912 (3a2 − a21)34(3a2 − a21)3 + (27a3 − 9a1a2 + 2a31)2 .
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Iterating ElementsAn element w of an n-valued monoid M is called iterating if forany m ∈ M each of the multisets w ∗ m and m ∗ w contains anelement u (generally depending on m) with multiplicity at least2.
For n = 2 we call an iterating element w a doubling element.
Proposition (Buchstaber, Kornev, 2025)The set W = W(M) of doubling elements of a 2-valued monoid(respectively, an involutive group) M forms a diagonal 2-valuedsubmonoid (respectively, subgroup).
We call the 1-valued monoid (group) from the proof ofProposition 29 the monoid (group) of doubling points.
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Iterating ElementsThe Chebyshev coset 2-valued algebraic monoid has exactly 2
doubling elements at the branch points (1 and −1) of thebranched double covering

π : CP1 → CP1
z 7→ 12(z + 1/z)

Indeed, let y be an iterating element. Then the polynomial
Pmult(z ; x, y) = z2 − 2xy z + x2 + y2 − 1

has a multiple root in z for any x , i.e.
∆z
(
Pmult(z ; x, y)) = 4(x2 − 1)(y2 − 1) = 0.

Hence y ∈ {±1}. The resulting single-valued group of doublingpoints is isomorphic to Z/2. 30 / 59



W(GCP1(Ba))Theorem (Buchstaber, Kornev, 2025)Let E = {y2 = f (x)} be an elliptic curve, where
f (x) = x3 + a1x2 + a2x + a3. Then:

1 The doubling elements of the 2-valued group
GCP1(Ba(z ; x, y)) are precisely the elements of the form 1/w ,where w ranges over the branch points of the branchedcovering

π : E → CP1(x, y) 7→ x,
∞ 7→ ∞.

2 The single-valued group of doubling points of the 2-valuedgroup GCP1(Ba) is isomorphic to the Klein four-group
Z /2 × Z /2. 31 / 59



Factorization of Discriminant
The discriminant of the polynomial Ba(z ; x, y) factorizes withseparated variables:

∆z
(
Ba(z ; x, y)) = 16 x4 f (1/x) · y4 f (1/y). (2)

We note that an important first application of (2) was obtainedby Dragović in [Dra10] (see also [Dra14]), based on a remarkablerelation between the associativity equation for a 2-valued groupon C and the integration method for the Kovalevskaya top.
The separation property in the discriminant factorization failsfor the n-valued laws pn(z ; x, y) already at n = 3:

∆z
(

p3(z ; x, y)) = −39 x2(x − y)2y2.
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3-Valued Structures on CP1

There is a unique projective equivalence class of nonsingularcubic curves whose groups of points contain elements of order 3(in this case the j-invariant equals 0).
For each complex number c ̸= 0, the equiharmonic cubic

E = { y2 = x3 + c }

belongs to this class [Dol12, Theorem 3.1.3].
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3-Valued Structures on CP1
Introduce the slope

m = m
((x1, y1), (x2, y2)) = y1 − y2

x1 − x2 .Then we have for the addition law:{
x3 = −x1 − x2 + m2,
y3 = m(x1 − x3) − y1.The curve E admits an automorphism
φ3 : (x, y) 7→ (εx, y)of order 3 as an abelian variety, where ε = e2πi/3. Indeed,

φ3(x1, y1) ⊕ φ3(x2, y2) =(−εx1 − εx2 +( y1 − y2
εx1 − εx2

)2
,

y1 − y2
εx1 − εx2 (εx1 − εx3) − y1

) = φ3(x3, y3).34 / 59



3-Valued Structures on CP1
The orbit {(x, y), (εx, y), (ε2x, y)} of the automorphism φ3corresponds bijectively to the value of y. There is a branchedtriple covering

π : E → CP1(x, y) 7→ y,
∞ 7→ ∞.whose base is identified with the orbit space E /⟨φ3⟩. Thebranch points are ±

√
c and ∞.

y1 ∗ y2 = [π((x1, y1) ⊕ (εkx2, y2)) | k = 0, 1, 2 ]
= [mk

(2 3√y21 − c + εk 3√y22 − c − m2
k

)
− y1

]
,

where mk = y1 − y23√ y21 − c − εk 3√ y22 − c
, k = 0, 1, 2.
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3-Valued Structures on CP1
Theorem (Buchstaber, Kornev, 2025)On CP1, for each nonzero c ∈ C there exists a structure (whichwe call equiharmonic) of an algebraic 3-valued coset group
G3,eqh(CP1) with neutral element 0, the map inv(x) = −x , andaddition given by the polynomial p3,eqh(z ; x, y), where

p3,eqh(−z ; x, y) = e 31 − 27e3+ 18c e 21 e3 − 54c e2e3 − 27c2e 22 e3 + 81c2e1e 23 ,and ek denotes the k-th elementary symmetric function in
x, y, z . All such 3-valued groups are isomorphic.
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Theorem (Buchstaber, Kornev, 2025)There are two classes of symmetric 3-algebraic 3-valuedgroups:
(I) If k0 = −27, we have

P3(z ; −x,−y) = (σ 31 − 27σ3) + 18cσ 21σ3 − 54cσ2σ3 − 27c2σ 22σ3+ 81c2σ1σ 23 .
(II) If k0 = 0, we have

P3(z ; −x,−y) = (σ1 + ασ3)3 ,
In this case, the 3-valued group is obtained by the diagonalconstruction G × G µ // G Sym3 ◦ diag // Sym3(G) from the1-algebraic 1-valued group G, constructed by the polynomial
P1(z ; −x,−y) = σ1 + ασ3.
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W(G3,eqh(CP1))Proposition (Buchstaber, Kornev, 2025)The set {0, ±1/√c} of iterating elements of the 3-valued group
G3,eqh(CP1) is (as a 3-valued subgroup) the diagonalconstruction of a 1-valued group isomorphic to Z /3.
Proof. Let y be an iterating element in G3,eqh(CP1). Then forany x ∈ C the discriminant of the polynomial p3,eqh(z ; x, y)vanishes:
−39x2y2(cx2−1)2(cy2−1)2(x−y)2(9c2x2y2−cx2+8cxy−cy2+1)2 = 0.Thus precisely the elements 0, ±1/√c are iterating. Let
w = 1/√c . We have the multiplication table

w ∗ w = [−w,−w,−w ],
− w ∗ w = w ∗ (−w ) = [0, 0, 0].
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4-Valued Structures on CP1

There is a unique projective equivalence class of nonsingularcubic curves whose automorphism group is isomorphic to Z /4(in this case the j-invariant equals 1728).
This class consists of the harmonic cubics [Dol12, Theorem 3.1.3]

E = { y2 = x3 + bx }.
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Consider the map
φ4 : E → E(x, y) 7→ (−x, iy)which is clearly an automorphism of the abelian variety E. Theorbit space E /⟨φ4⟩ is identified with the fibers of
π4 : E → CP1(x, y) 7→ x2,

∞ 7→ ∞Write the 4-valued addition law:
x1 ∗ x2 = [π4((x1, y1), φ r4 (x2, y2)) | r = 0, . . . , 3 ]= [(−√

x1 − (−1)ℓ√x2 + m 2
ℓ,k
)2 ∣∣∣ k, ℓ = 0, 1] , (3)

where
mℓ,k =

√√
x31 + b√x1 − (−1)k ·

√(−1) ℓ(√x32 + b√x2)
√ x1 − (−1) ℓ√ x2 .
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4-Valued Structures on CP1
Theorem (Buchstaber, Kornev, 2025)On CP1, for each nonzero b ∈ C there exists a structure (whichwe call harmonic) of an involutive algebraic 4-valued cosetgroup G4,har(CP1) with neutral element 0, whose addition isgiven by the polynomial

p4,har(z ; x, y) = e41 − 8 e21e2 + 16 e22 − 128 e1e3
− 112 b e21e3 − 4 b2e31e3 − 64 b e2e3
− 112 b2e1e2e3 − 64 b2e23
− 288 b3e1e23 + 6 b4e21e23 − 136 b4e2e23
− 112 b5e33 − 4 b6e1e33 + b8e43where ek denotes the k-th elementary symmetric function in

x, y, z . All such 4-valued groups are isomorphic.
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Ptoposition (Buchstaber, Kornev, 2025)The iterating elements of the 4-valued group G4,har(CP1) formthe set {0, −1/b}, which is not any 4-valued subgroup (noreven a submonoid).
Proof. Let y be an iterating element in G4,har(CP1). Then forany x ∈ C the discriminant of p4,har(z ; x, y) vanishes:

x3y3(bx + 1)2(by + 1)2(x − y)2
·
(
b2xy − 1)2 (b2x2 + 4b2xy + 2bx + 1)2

·
(
b2x2y + 2bxy + 4x + y

)2 (4b2xy + b2y2 + 2by + 1)2
·
(
b2xy2 + 2bxy + x + 4y

)2 = 0.
Hence precisely 0 and −1/b are iterating elements of
G4,har(CP1). Since p4,har(z ; −1/b,−1/b) = 256 z2/b2, the product(−1/b) ∗ (−1/b) is not defined in G4,har(CP1) .
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6-Valued Structures on CP1

There is a unique projective equivalence class of nonsingularcubics (with j-invariant equal to 0) whose group of points isisomorphic to Z /6.
For each complex number c ̸= 0, the equiharmonic cubic

E = {y2 = x3 + c}

belongs to this class [Dol12, Theorem 3.1.3].
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Consider the map (ε = e2πi/3)
φ6 : E → E(x, y) 7→ (εx,−y),

∞ 7→ ∞.
φ6 is an automorphism of the abelian variety E. The points ofthe orbit space E /⟨φ⟩ are identified with the fibers of the map:

π6 : E → CP1(x, y) 7→ y2,
∞ 7→ ∞.

y1 ∗ y2 = [π6((x1, y1), φ r6 (x2, y2)) | r = 0, . . . , 5]
= [(mℓ,k

(2 3√ y1 − c + εk 3√ y2 − c − m2
ℓ,k
)

− √y1)2∣∣∣ k = 0, 1, 2;
ℓ = 0, 1

]
,

where mℓ,k = √y1 − (−1)ℓ√y23√ y1 − c − ε k · 3√ y2 − c . 44 / 59



Theorem (Buchstaber, Kornev, 2025)For each nonzero c ∈ C, there exists a unique structure(equiharmonic) of an involutive 6-valued algebraic coset group
G6,eqh(CP1) with neutral element 0 and addition given by

p6,eqh(z ; −x,−y) = e61 − 22 · 3 e41e2 + 24 · 3 e21e22 − 26e32 − 2 · 34 · 17 e31e3
− 23 · 34 · 19 e1e2e3 + 33 · 193e23
− 25 · 32 · 11 c e41e3 − 22 · 33 · 5 c2e51e3 − 24 · 32 · 211 c e21e2e3
− 22 · 33 · 197 c2e31e2e3 − 23 · 35c3e41e2e3 − 26 · 32 · 52c e22e3
− 24 · 33 · 107 c2e1e22e3 − 24 · 37c3e21e22e3 − 2 · 36c4e31e22e3
− 26 · 35c3e32e3 − 23 · 37c4e1e32e3 + 24 · 33 · 72 · 19 c e1e23+ 22 · 33 · 47 · 53 c2e21e23 + 23 · 35 · 61 c3e31e23 + 2 · 37 · 17 c4e41e23+ 22 · 34 · 701 c2e2e23 + 23 · 36 · 7 · 13 c3e1e2e23 + 210 · 36c4e21e2e23+ 24 · 38 · 5 c5e31e2e23 + 2 · 37 · 5 · 17 c4e22e23 + 25 · 38 · 7 c5e1e22e23+ 22 · 39 · 17 c6e21e22e23 + 22 · 39 · 11 c6e32e23 + 23 · 311c7e1e32e23+ 312c8e42e23 − 23 · 312c3e33 − 2 · 39 · 5 · 47 c4e1e33
− 24 · 39 · 17 c5e21e33 − 22 · 39 · 5 c6e31e33 − 26 · 311c5e2e33
− 22 · 310 · 5 · 11 c6e1e2e33 − 23 · 311c7e21e2e33 − 23 · 311 · 5 c7e22e33
− 2 · 312c8e1e22e33 − 23 · 312c6e43 − 23 · 312c7e1e43+ 312c8e21e43 − 22 · 313c8e2e43 . 45 / 59



W(G6,eqh(CP1))Proposition (Buchstaber, Kornev, 2025)The set {0, 1/c} of iterating elements of the 6-valued group
G6,eqh(CP1) is not any 6-valued subgroup (nor even asubmonoid).Let y be an iterating element in G6,eqh(CP1). Then for any
x ∈ C the discriminant of the polynomial p6,eqh(z ; x, y) vanishes:
x5y5(cx−1)4(cy−1)4(x−y)4 (27c2x3 + 81c2x2y − 54cx2 − 18cxy + 27x + y

)4 . . .Since
p6,eqh(z ; 1/c, 1/c) = 218z3(cz + 1)3/c3,we have: 1/c ∗ 1/c = [0, 0, 0, −1/c,−1/c,−1/c ] .Because the element −1/c is not iterating, the set 0, 1/c is notany 6-valued submonoid of the group G6,eqh(CP1). 46 / 59



Nodal Case
We now turn to singular cubics.
The change of variables

x 7→ x + 1, y 7→ y + 1, z 7→ z + 1
shows that the Chebyshev Mmult(CP1) is isomorphic to themonoid GCP1(Ba) with a1 = 1, a2 = a3 = 0. This monoidcorresponds to the cubic

{y2 = x2(x + 1)}.
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Nodal CaseLet a be such that the polynomial
P(x) = x3 + a1x2 + a2x + a3has a double root. In this case the equation of the curve Etakes the form (α ̸= β):
E = {y2 = (x − α)2(x − β)}.Parametrize E by the slope m of the line passing through thenode O = (α, 0): {

x = m2 + β,
y = m

(
m2 + β − α

)
.As before, there is a branched double covering

E → CP1 (x(m), y(m)) 7→ x(m), ∞ 7→ ∞.with branch points at α , β, and ∞. 48 / 59



Nodal Case
LemmaLet m1 ⊕ m2 = −m3 for points m1, m2, m3 ∈ CP1 on the curve Ewith respect to the above parametrization. Then

m3 = m1m2 − m+m−

m1 + m2 ,

where m± = ±
√
α − β and [m1, m2] ̸= [m+, m−].

PropositionThe Möbius transformation m 7→ m+m−
m+m+ establishes anisomorphism of 1-valued algebraic monoids E ∼= Mmult(CP1).
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Nodal CaseConsider the involution ι on the monoid E(C) such that
ι : m 7→ −m for m ∈ C and ι(∞) = ∞. Then the orbit space
CP1/⟨ι⟩ is identified with CP1 via the map

ψ : CP1 → CP1
z 7→ z2.This gives a coset 2-valued algebraic monoid Mnode(CP1) = E⟨ι⟩

m1 ∗ m2 = (√m1√m2 ± a
√m1 ± √m2

)2
defined on the set Sym2(CP1)\[a, a], where a = α − β.
The values m1 ∗ m2 are the roots of the quadratic trinomial(m1 − m2)2z2 − 2 (a2(m1 + m2) − 4am1m2 + m1m2(m1 + m2)) z+ (a2 − m1m2)2. 50 / 59



Nodal Case
Writing the addition law (50) in the original coordinates (x, y) ofthe curve E, we obtain the algebraic law

x1 ∗ x2 = (√
x1 − β

√
x2 − β ± (α − β)

√
x1 − β ±

√
x2 − β

)2 + β .
The values x1 ∗ x2 are the roots (in z) of the Kontsevichpolynomial Dα,β(−z ; −x1, −x2) = (x1x2z)2Bα,β(1/z ; 1/x1, 1/x2),where
Bα,β(z ; x1, x2) = ((α2x1x2 − 1)2 − 4αβx1x2(αx1 − 1)(αx2 − 1)) z2
− 2 (−2βx1x2(αx1 − 1)(αx2 − 1) + αx1x2(α(x1 + x2) − 4) + x1 + x2) z+ (x1 − x2)2.
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Nodal CaseTheorem (Buchstaber, Kornev, 2025)Let α ̸= β ∈ C, and let E = {y2 = (x − α)2(x − β)}. Then theaddition of points on E and the involution σ define on CP1 aunique structure of a 2-valued coset algebraic monoid
Mnode(CP1) with neutral element ∞ and operation

x1 ∗ x2 = (√
x1 − β

√
x2 − β ± (α − β)

√
x1 − β ±

√
x2 − β

)2 + β ,
given by the Kontsevich polynomial Dα,β(−z ; −x1, −x2). Theelement α is absorbing, i.e., x ∗ α = α ∗ x = α for any
x ∈ CP1\{α}. The product α ∗ α is not defined. Moreover, theelement 0 has an inverse (inv(0) = 0, 0 ∗ 0 = [α(1 − α/(4β)),∞])if and only if α ̸= 0.
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Doubling Points

Proposition (Buchstaber, Kornev, 2025)The set of doubling points for Mnode(CP1) consists of threepoints: ∞, α , and β.
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Cuspidal CaseFinally, consider the case of a triple root
E = {y2 = (x − α)3}.

The Lemma (in the limit β → α) immediately yields:LemmaThe addition law on the elliptic curve E = {y2 = (x − α)3} hasthe form:
m3 = m1m2

m1 + m2 ,where m = y/(x − α).
PropositionThe Möbius transformation m 7→ 1/m establishes anisomorphism between the 1-valued algebraic monoidsE(C) ∼= Mcusp(CP1).
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Cuspidal Case
The set Mnode(CP1) tends, as α → β, to the monoid Mcusp(CP1)with identity ∞ and multiplication

x1 ∗ x2 = [ (x1 − α)(x2 − α)(√x1 − α ± √x2 − α)2 + α] .
PropositionThe monoids Mcusp(CP1) and M2(CP1) are isomorphic.
Proof. The map

x 7→ 1
x − αdefines an isomorphism Mcusp(CP1) → M2(CP1).
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Theorem (Buchstaber, Kornev, 2025)Let α ∈ C and let E = {y2 = (x − α)3}.
(I) The addition of points on E and the involution define on CP1a unique structure of a 2-valued coset algebraic monoid
M2(CP1).
(II) The group G3,eqh(CP1)) tends, as c → 0, to the monoid
M3(CP1).
(III) The group G4,har(CP1)) tends, as b → 0, to the monoid
M4(CP1).
(IV) The group G6,eqh(CP1)) tends, as c → 0, to the monoid
M6(CP1).
Proposition (Buchstaber, Kornev, 2025)The set of doubling points for Mcusp(CP1) consists of two points:
∞ and α .

56 / 59



References I
[BGR24] Buchstaber V., Gaiur I., Rubtsov V.Algebraic 2-Valued Group Structures on P1 , Kontsevich-type Polynomials, and Multiplication Formulas, I.arXiv:2412.07330.

https://arxiv.org/abs/2412.07330[BK25a] Buchstaber V., Kornev M.Algebraic n-Valued Monoids on CP1 , Discriminants and Projective Duality.arXiv:2510.14010.
https://doi.org/10.48550/arXiv.2510.14010[BK25b] Buchstaber V., Kornev M.
n-Valued Groups, Kronecker Sums, and Wendt’s Matrices.arXiv:2505.04296.
https://doi.org/10.48550/arXiv.2505.04296[Buc06] Buchstaber V.M.
n-Valued Groups: Theory and Applications.Mosc. Math. J., 6(1) (2006) 57–84.
https://doi.org/10.17323/1609-4514-2006-6-1-57-84[BV19] Buchstaber V.M., Veselov A.P.Conway Topograph, PGL2(Z)-Dynamics and Two-Valued Groups.Russian Mathematical Surveys, 74(3) (2019) 387—430.
https://doi.org/10.1070/RM9886[Dol12] Dolgachev I.V.
Classical Algebraic Geometry: A Modern View.Cambridge University Press (2012).
https://doi.org/10.1017/CBO9781139084437

57 / 59

https://arxiv.org/abs/2412.07330
https://doi.org/10.48550/arXiv.2510.14010
https://doi.org/10.48550/arXiv.2505.04296
https://doi.org/10.17323/1609-4514-2006-6-1-57-84
https://doi.org/10.1070/RM9886
https://doi.org/10.1017/CBO9781139084437


References II
[Dra10] Dragović V.Generalization and Geometrization of the Kowalevski Top.Communications in Math. Phys., 298(1) (2010) 37–64.

https://doi.org/10.1007/s00220-010-1066-z[Dra14] Dragović V.Discriminantly Separable Polynomials and Quad-Equations.Journal of Geometric Mechanics, 6(3) (2014) 319–333.
https://doi.org/10.3934/jgm.2014.6.319[FW69] Fulton W., Weiss R.
Algebraic Curves: An Introduction to Algebraic Geometry.Addison-Wesley Publishing Company, Inc. The Advanced Book Program (1969).
https://api.semanticscholar.org/CorpusID:116886820[Har77] Hartshorne R.
Algebraic Geometry.Graduate Texts in Mathematics. Springer New York, NY (1977).
https://doi.org/10.1007/978-1-4757-3849-0[Wol62] Wolstenholme J.On certain properties of prime numbers.The Quarterly Journal of Pure and Applied Mathematics, 5 (1862) 35–39

58 / 59

https://doi.org/10.1007/s00220-010-1066-z
https://doi.org/10.3934/jgm.2014.6.319
https://api.semanticscholar.org/CorpusID:116886820
https://doi.org/10.1007/978-1-4757-3849-0


Thank you for attention!
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