Tonosiornueckue nHBapuaHTbl KOHEYHO
OTIpEeIeJCHHBIX TPYIII

§1 DBpenenue

. Kan n Y. Tépcron pokazamu ([4], 1976), aro (ko)romosornn Kiaaccuburmpy-
forero npocrpanctBa K (G, 1) =: T X gauckperroii rpymmbl G MOTYT ObITh TAKIMU,
KaK y IPOU3BOJILHOIO JIMHEIHO CBsI3HOIrO mpocTpaHcTBa X. [Ipmdém oTobpazkeHue
t: TX — X ecrectBenno 1o X, u T siBisieTcst (DyHKTOPOM.

B Toii xke paboTte 661710 0OTMEUEHO, 9TO PYHKTOP 1T’ 1 (PYHKTOP ILIIOC-KOHCTPY KITHH
Ksmiena (-)* B Hekoropom cmbicie B3auMHO oOpaTHbl. OHE yCTAHABINBAIOT K-
BUBaJIEHTHOCTb Kareropun romotornnii CW-KOMILIEKCOB U JIOKAIM3aIii KaTeropuu
GP. Obobekramu mnocienneil sistorest mapel (G, P), rie P — coBepiiieHHast HOP-
MaJibHasl TOoArpyIa rpymuisl G, a MopdusMaMu gBJISIOTCH TaKie TOMOMOMPU3MbI
f:(G,P) - (G')P), aro f(P) < P'. Jlokajusarus MpOUCKXOJUT 110 TEM MOD-
dusmam kareropun G P, KOTOpbIe HHAYIUPYIOT N30MOPGU3MBI Ha (paKTOP IPYyIIIax
G/P — G'/P' u na romonorusix H(G; A) — H(G'; A). Takum obpasom, reopust
romoTtonuiit CW-KOMIIIEKCOB BOCCTAHABINBACTCS U3 TEOPUU JINCKPETHBIX TPYIIIL.

Knaccndumupyroine mpocTpaHcTBa IPYIIT UMEIOT O0JIbINOe 3HAUYEHIE B TOIOJIO-
run u ajareope. VM3BecTHOe MHOXKECTBO MX KOHCTPYKIIMI: HAIPUMED, KOHCTPYKITHS
Munopa [18|, korcrpyknns Munrpama [17], KaTeropHsIil MOAX0/] Yepe3 CHMILTHAIH-
asibhble MHOKecTBa [12] u xp. VHTepecHo ObL10 ObI HATH OOO3PUMYIO CHMILIUIIU-
AJIbHYI0 (PYHKTOPUATBHYIO KOHCTPYKITHIO KJIacCuUIUPYIONIIX TPOCTPAHCTB IPYIIIL.
D10 OBI MO3BOJINIIO, HAIIPUMED, HOJONTH K OIPEJIEJIEHNI0 TOPHIECKUX (KO)rOMOJIOrHii
KOHEUTHO OIPEJIIEHHBIX TPYIIIT: UX MOYKHO OBLIO ObI OIPEIENTh, KaK (KO)rOMOJIOTHI
MOMEHT-YT0JI KOMILJIEKCA, TOCTPOEHHOT'O 110 CUMILINIINAILHOMY KJIACCUPUITIPYIONIe-
MY HPOCTPAHCTBY JITaHHOI IPYIIIIHI.

BarkHO 3aMeTHTDh TaKzKe, 9TO UMEIOTCsT MOAnd UKl KoHCTpYyKIus Kana — Tép-
CTOHA, KOTOpbIe s KoHeIHBIX CW-KOMILIEKCOB JIalOT JIMCKPETHBIE IPYIIIbI, KJIac-
crUIIPYIONITE TPOCTPAHCTBA KOTOPBIX ABJIAIOTCS KOHEUHBIMHU KJIETOUHBIMEI KOM-
mwiekcamu [2], [6]. TIpo6iema reomerputaeckoii pasMepHOCTH JUCKPETHBIX IPYTII UMe-
er naBHIO ncropuio. M3eectHas Teopema itnenbepra — lanes [19] yreepxkiaer,
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qTO JII JIIOOOI KOHEYHO OlpeJIeeHHON IpyIibl (G KONOMOJIOTMYECKONH pa3sMepHO-
ctu He Oosble n, Te n = 3, cymecTByeT acdepuunbiit n-mepubiit CW-koMruiekc
X = K(G,1). lnst n = 2 — 970 TUnoresa, OTKPbITast U M0 HACTOSIIEE BPEMSI.

C koncrpyknueit Kana-TépcroHa TeCHO CBA3aHBI AIIMKIMIHBIEC IUCKPETHDBIE IPYTI-
nbl. OHE MOTYT BO3HUKATH, KaK (QyHIaMeHTaJbHbIe TPYIIHI N-y3JI0B, TOMOJOIHU-
Jeckux cdep, Kak IPyIIbl TOMEOMOP(MU3IMOB MHOI000OPa3nii, BOSHUKAIOT B TEOPUN
ciaoennii [20] u ap. BosbImnoit maTEpeC MpeCcTaBIsAIOT KOHETHO ONpe/IeJIEHHbIE alllK-
Jngable Tpyibl. OHUM U3 TPOCTEIMX HETPUBUAIBHBIX TpUMepOB [5] siBiistioTest
rpynnsl Xurmana Hig,, n = 4,5,...,. OTu rpynmbl 3aMedaTebHbl ellé U TeM, 9TO
OHM UMEIOT KOHEUHYIO F€OMETPUYIECKYI0 pa3MEPHOCTD: UX KJIaCCUPUITUPYIONINM ITPO-
CTPAHCTBOM MOYKeT ObITh BBIODAH KOHEYHBIIl JBYMEPHbI KJIeTOUHbI KOMILTEKC [2].
AuK/IMIHbIE TPOCTPAHCTBA U TPYIIIBI JAI0T HaJIeXK/ 1y Ha 0000IIeHNne KIaCCHIeCKNX
KOHCTPYKIUit Torojornn. Hampumep, MOKHO TOITPOOOBATH 0O0OINTH KOHCTPYKITHH,
B KOTOPBIX yYACTBYIOT CTSTUBaEMble ITPOCTPAHCTBA, 3aMEHNB TOCIEHIE HEKOTOPBIM
00pa3oM Ha aIuK/JINIHBIE TPOCTPAHCTBA.

MoxkHO 3a/1aThCcsd BOIMPOCOM O TOM, KOIJIa JIaHHas alluKJINdHad Tpyma nMe-
eT KOHEYHYIO MeOMETPUYIECKYI0 Pa3MepHOCTh. JlOMOTHUTEIBHYIO CJIOXKHOCTD 3a/1a4e
IpuJaET TO, YTO KONOMOJIOTMYECKasi pasMepHocTh paBHa (. OjHako, Kak IoKa3a-
g Yoson nu MuiHop, IpensiTcTBUEM ITPOCTPAHCTBY X OBITb TOMOTOINYECKU SKBH-
BaJIEHTHBIM KOHEYHOMY KOMILJIEKCY CJIY?KUT TaK HasblBaeMoe KpydeHne YalTxeja
Why(Z[m1(X)]) rpymmosoro kosbita Z[m (X)].

bBim3kuM K JJaHHOMY KPYTY BOIIPOCOB SIBJISAIOTCS BOIIPOCHI O KJIACCUPUITUPYIO-
X [POCTPAHCTBAX MOHOHUJIOB. B 9TOM KOHTEKCTE MOXKHO YIOMSHYTH THITOTE3Y
Apnosbia-Toma-®ama [21] u mpobiemy Béprcaiina [22).

§2 HanmommHaHMe 0 TOMOJIOTUSX JUCKPETHBIX IPYIIII

[To mannoit muckperHoit rpyimme (G MOXKHO, KaK M3BECTHO, IOCTPOUTDH CTsMBAa-
eMBbIil CUMILIMINAJILHBIN KoMILIeKe FG co cBobomabiM geiictBueM G. MaxTopipo-
crpaHcTBo BG 1= EG / (3 Ha3BIBACTCS KAACCUDUUUPYIOUUM NPOCTIPAHCTNEOM TPYII-

el G

Kiaccudunupyioiree npocrpancTBo JuckperHoit rpymbt G umeer tun K (G, 1).

Onpepenenne 1. [omonorusyu Juckpernoi rpynnbl G ¢ TPUBHAILHBIMU KO-
durpenTaM B 7 Ha3bIBAIOTCS TOMOJIOTUE (CHUMILINIUAJIbHBIE, KJIETOYHbIE U JIP.)
KJ1accuuImpyomero npocrpanctsa rpymuisl G, to ects H;(G;Z) :== H;(BG;Z). B
cilydae JIOKaJIbHBIX Koaddurmentos B G-Mouy/ie M 3T0 TOMOJIOIHN ¢ JIOKAJLHBIME

kosbburmentamu H;(BG; M).

CYU.[GCTByIOT pa3/IM9Hbl€ KOHCTPYKIINU K.HaCCI/I(bI/ILH/Ip}/IOHH/IX HIPOCTPaHCTB JJIA
TOIIOJIOTUYECKUX U JUCKPETHBLIX I'PDYIIII. CIO,ZL& OTHOCHTCA KOHCTPYKIUA C ,ZL}I(OﬁHaMI/I
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Musnopa, 6ap-KOHCTPYKIMS, KOHCTPYKIus Mmuirpama, KareropHas KOHCTPYKITHST
Jepe3 TeOMeTPUUIeCKYI0 pean3aliio HEKOTOPOro CUMILIATNAJILHOTO MHOXKECTBa, U
Ap-

Takzke romosiorun rpymnmbl G- MOTYT OBITH OINpEJIe/IeHbl YUCTO aJredpandecKiM
Iy TEM.

Omnpenenenue 2. ['oMoJIOrUsSIMU JTUCKPETHON TPyIIbl ¢ Kodddunuenramu B G-
mogyite M wmaswisatorcs rpymmst H, (G, M) = Tor2l%(z., M),

YrBepxkaenue 1. /[sa onpedenenun 20M0A02UT 2pYNN PABHOCUADHDL.

§3 AnuKjamdHbIE TPYNIIbI

ImeeTcst nHTEPECHBIN KJIace IPYII, TOMOJIOIMH KOTOPBIX B Z YCTPOEHbBI, KaK I'o-
MOJIOTUM TOUYKM. Takue I'PyIibl HA3bIBAIOTCHA AUUKAUYHDLMU.

3aMeTHM, UTO alluKJINYHBIX IPYIII B JIFOOOI JIOKaJIbHOI cucTteme Ko OuImeHTon
HE CYIIECTBYET, IOCKOJbKY MMEEeT MECTO

Teopema 1 (Crosunre 777). Ecau K020M0A02UYECKAA PAZMEPHOCTD KOHEUHO TO-
pootcdénnoti epynno, G me npesoczodum 1, mo G asasemca ceobodnoti (m. e. K (G, 1)
20MOMONUMECKY, IKGUBANAEHMHO DYKEMYy OKPYHCHOCTET).

3.1 IIpumepbl alUKJANYHBIX JUCKPETHBIX I'PYIIII

B sTom naparpade mpuBOATC JIBa MPUMepa KOHEYHO MPEeJICTABICHHBIX alliK-
JIMYHBIX TPYII, KJIaCCU(MUINPYIONINE TPOCTPAHCTBA KOTOPBIX MOTYT OBITH peaJsin30-
BaHbl JIBYMEPHLIMUA CUMILIUINAJILHBIMA KOMILJICKCAMU.

I'pymma 2A. Paccmorpum mpocToii mpuMep HETPUBHAJILHON ANMKJIMIHON TPYIIITBI
— rpymy 2 u3 craren [2].
Jlyist e mocTpoeHns cHAYA A BBEJEGM JIBE TPYIIIIBL:

F =<{a,b),

C={u=a, v=>b"la"bab, w=0b2ab 'a ?bab?®, = =b3ab 'a 2bab’).

I'pynmna F' — cBobojnas Ha JByX obpasyomux, a rpymmna C' — cBobojHas Ha
JeTBIPEX 00Pa3YIONIINX.
[Tpu omorr F' 1 C' MbI MOKEM TOJIYIUTH TPYIIILY

A = {Fl * FQ; Cl %SD 02},
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rie F1, Fy — jaBe kormu rpyunsl F', a C, Cy — konun rpynnsl C, IpudéM CKIIeiKa,
MPOUCXOIUT BJI0JIb m3oMopdusma ¢ : C7 — Cy, TaKoro, 4to

Uy — o, V1 — Wo, W1 > V2, T1 — U9.
yTBep}K,Z[EEHI/Ie 2. prnna 2 HEMPUBUANLHA.

Jloxazameavcmeo. Kak m3BecTHO, CBOOOJIHbIE TPYIIILI HETPUBHAILHBI. HO pe3yiib-
TAT aMaJIbIaMIPOBAHHOIO TTPOU3BE/IEHNsT IBYX HETPUBUAJILHBIX TPYIIT MO UX 00ITeit
HoJIrpyIie OyJeT HeTpuBKHabHON rpymmoil. [lociaeanee ciemyer, HapuMep, U3 TEO-
pun Bacca-Ceppa (cm., mampumep, [777]). O

Vreepxkgenue 3 ([2]). Ipynna A asasemes ayuriuanod.

Hoxaszameavcmeo. Ilo nocrpoenuto rpyia 2 siBsieTcsl COBEPIIEHHOI.

Kpowme toro, mpocrpanctso K (2, 1) MOKHO peasn30BaTh B Bujie KOHEUHOTO KJle-
TOYHOTO JIBYMEPHOI'O KOMILIEKCa, TOCKOJIbKY OH SBJISIETCS IYIIAyTOM JIBYX KOIIUI
npocrpancrsa K (F,1) ~ St v St sioas npocrpancrea K(C,1) ~ St v St v St v St
TO €CTh

K(Qla 1) - K(Fv 1) UK(C1) K(Fv 1)

meer MecTo TOUHAs HOC/e0BaTEIbHOCTL Maiiepa-Bueropuca ¢ 1mocTosiHHbIME
ko3 dunnentTamu B Z

. n+1§2[—>HnO—>HnF1@HnF2—>HnQ[—>

B cuty Toro, uro K (F,1) u K(C, 1) — 6yKeTbl OKpyzKHOCTEIi, Cpasy MOJIydaeTcs,
gyro H,2 = 0 mpu n > 2. PaccMoTpuM Tenephb yIacTOK TOYHOM ITOC/IEI0BATETHLHOCTH
JUIs cjtydas no = 2:

0— HQQ«[ - ch - H1F1 @Hng — 0.

Ho o6e cBobomubie abesesnl rpyinbl H1C' u Hi Fy @ HqF, umeror panr 4. CienoBa-
TeJIbHO, OHU M30MOpdHBI, 1 Ho2l = 0 B cujly TOYHOCTH.

]
s naabHeiero HaM moHa00uTCsd BaXKHasI

Teopema 2 (JIx. Yaiitrxen, 1939). ITycmo epynna G asasemces pushout’om 6 xa-
mezopuu Grp 6 caedyroweti duazpamme

-

—_—
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Tozda caediyrowasn duazpamma sasasemcea pushout’om 6 xamezopuu Top

K(C,1)—K(A, 1)

| |

K(B,1)— K(G,1)

CaenctBue ([2]). Ecau G = Axc B asaaemesa amanveamot epynn A u B, das xo-
MOPVLT CYWECMBYIOM KOHEUHBIE CUMNAUYUAALHYIE Peasudaruu npocmpancmes K (A, 1),
K(B,1) u K(C,1), mo2da K(G,1) mooice moocem b6vimv peasu3osano 6 eude Ko-
HEYH020 CUMNAUYUAALHO20 KOMNAEKCA. [Ipudém umeem mecmo ouenka ma pazmep-

nocmu
dim G < max(dim A, dim B, 1 + dim C).

Jloxazameavcmeo. Binoxennsm C — A u C < B cOOTBETCTBYIOT OTOODarKEeHUsI
kiaccudurmpyionmx npocrpancts K (C, 1) - K(A,1)u K(C,1) — K(B,1). Bosb-
MEM IIUJIMH/PBL 9TUX 0TOOpayKeHUil 1 CKJIerM ux Bjo/ib Komiiekca K (C)1). ]

Orcrosia mosrydaercs

Yr1Bepxkaenune 4. ['pynna A aeaaemca auurAsusHOT 0OMHOCUMEALHO MPUBUANLHOT
cucmemvl, Koapuuyuernmos 6 Z u ModHcem Obimb peasusosana 6 sude KoHeuHo20
08YMEPHO20 KAEMOUYHO20 KOMNAEKCA.

I'pymmer Xurmana Hig,. 91w rpynmst Obuin npugymanst I. Xurmanom B padbo-
te [9], 1951, Kak TpUMEpPbI KOHEYHO ONPEJICJIEHHBIX TPYII, HE UMEIOIINX MOArPYIIIT
KOHEYHOI'O0 MHJIEKCA.

Paccmorpum crHavasa rpymmy

Hig, = {a,b,c,d | atba =% b e =2, ¢ tde = &P, d 7 tad = a2>.

OrnuireM, KaK MOXKHO TIOJIYUUTD 9Ty I'pyIny mnpu nomoru oneparuit HNN-pacmmpenust
1 aMaJbIaMIPOBAHHOTO CBOOO/IHOT'O MPOU3BE/IEHUA.
Paccmorpum rpynmny Baymciara-Conmrepa

BS(1,2) = K = {a,bla 'ba = b*).

MozkHo 3ameTutsb, uto rpymna K sistercst HNN-pacmmpenuem rpymist (b) =~ Z
npu nomomu uzomopdmama noarpynn by = (b?>. B nepsyio ouepenn, rpymia K
HeHyJIeBasl 110 JieMMe BpUTTOHA, MOCKOJIbKY B HeE BKJIaJbIBaeTcs rpyia {a ).

Haitep m Backe3 mokazaJm, 9To BepHa



Teopema 3 (E. Dyer, A. T. Vasquez, 1972, [§|). ITycmv P = (A | R) — npeo-
cmasaenue epynnot G ¢ o0num coommowenuem. Tozda xaemounvili 2-xomnaexc, no-
AYHAEMDIT 0004 HOT NPUKAETKOT 2-Kaemku Kk 6ykemy oxkpyscHocmet, O6uexmuero
coomeememsyrowur obpasyrowum u3 A 6doav caosa R, achepumen.

CrnencrBue. B xauecmese Kaaccuduuyupyrou,ezo npocmpaHcmasa 2pynnvt K moocHo
83AMb 2-KOMNACKC, NoAYywaemovill U3 bykema 08Yx oxpystcrocmets Hexomopoti npu-
rAelxot 2-xaemru.

I3 reopem Xomda ouesuno cuaemyer, uro Ho(K) = 0 u Hi(K) = Z. Crenoa-
TeJIbHO, MBI 3HAEM TOMOJIOTHU IPYIIbl /K :

IIpengioxxkenue 1. [omonozuu epynnoe K ycmpoenw caedyrowum oopasom:

[TocTpoum rpymy
L =K %3 Ky ={a,b,c|a = a® V¢ = b,

rie K; = K, u ckiefika MpouCXOUT BIOJIb Biokennit Z = {(ay — L , Z = (by — L.
Ouesuno, uro Hy(L) = Z, u u3 Tounoii nocienosarenbaoctn Maitepa-Bueropueca
W IpeIoyKeHnst Beiie ciaeayer, aro H, (L) = 0 npun > 2.

CuoBa 0Oepsi amasibraMmy Lj *z.7 Lo, Tne L; =~ L, HOJyYalonIyiocs CKJIEHKOI
{ay,c1) = {ag, cyy, Mbl mOsTydaeM rpyminy Xurmana Hig,. Anasormanbie paccyk-
JleHus ¢ TOYHOi nocytenoBaTesbiocTbio Maiiepa-Buetopueca nokassisaior, uro Higy,
AIIKJINIHA.

N3 npusenénnoit koncTpyknun rpymnbl Hig, ciemyer, aro B Heil 0TCyTCTBYeT
KpydeHne, MoCKOJIbKY OHO OTCYTCTBOBAJIO Ha KaxKjoM Imare B cuiay cBoiictB HNN-
pacimpenuii 1 amasbrambl (Teopust Bacca-Ceppa).

Tenepn paccmoTpuM 0000IIEHHYIO TPYIIITY XUTI'MaHA

Hig, = (xi, i€ Z [y | [z, mi] = 22),
rie [a, b] = aba b1
Yreepxkaenue 5 ([5]). s n < 3 epynna Hig, mpusuanvna.

Jloxazamenvecmeo. Caydaii n = 2 ouesujien. st n = 3 J10CTATOYHO BLIPA3UTDH OJHY
13 00pasyolnX Ty depes3 Ty, Ty, Torjaa {xry, To, x3} = {r1, T2} — 31€ch umeercs B
BIJLy PaBEHCTBO IIOJAIPYII, ITOPOKJIEHHBIX COOTBETCTBYIONINME 3aeMenTamu. Ho, ¢
OJIHO{I CTOPOHBI, OUEBUJTHO, UTO {T1, T2, 3} = {x1,T9, x3}. A ¢ apyroit, {z, x2} =
0. ]



YTBepxkaenue 6. [Ipun > 4 epynna Hig, nempusuasvra.

[larnoe yTBep:KIeHne OyneT ciefioBaTh 3 KoHcTpyknun Hig, mmxe. [lemo B
TOM, YTO KOHCTPYKIHIO TIOCJEeI0BATEIbHBIX aMaabraM s Hig, MoxKHO 006001MHUTH
na ciaydait Hig, (n = 4).

Bynem oboznadars yepe3 K; rpynibl, m30MOpQHBIE IPYIITe

K ={x,h|[h,z] =),
OyKBHBI ajipaBUTa KOTOPBIX TaKKe Ke, KakK y K HO ¢ uHjaekcaMmu ¢. Tak»ke 0003HATIM
L ={(Ky, K| xg=hyp).
Torna rpynma Xurmana Hig, ciejyroriero mopsjika moydaeTcs U3 IPYIIbI
Gpo1={Ko, .. K1 | 2 = hg,.c.,®p_o =hy_1)

aMaJIbramoil ¢ rpymmoit L:
ngn = Gn—l *7 7, L7

rje CKJefiKa MPOUCXOAUT BIOJb cBOOOAHBIX moarpyii (hg, 1) u {x,_1,h) (hy ~
Tp_1, T1 ~ ho).
3aMeTuM, 4TO

Gn = Gn—l *7, I

C OTOXKJECTBJIEHUEM Z,_1 = h,,.

3aMeTnM, 9TO U3 CJIeJICTBHS K TeopeMe [§], onncannoil KOHCTPYKIIUH [TOCTPOCHST
rpynnsl Hig, npu nmomomu amasibram u rpymn K u B cuty yreepxKaenns [ kinac-
cuunmpyroiee IpOCTPAHCTBO I'PYIIILI XUTMaHa MOYKET ObITh BBIOPAHO KOHETHBIM
KOMILJIEKCOM. A UMEHHO, CJIeyer

Teopema 4. [Ipocmparcmeo K(Hig,, 1) mooicno 63amv 6 eude 2-komnaexca ¢ 00-
1Ot HYAL-KAEMKOT, T 00UH-KAEMKAMU U N 08A-KAECTVKAMU.

Takum obpazom, anukananocts rpynn Hig, B pazmepnocTsx, OOJIbITIX JIBOIKIM,
HoJiydaeTcs: U3 npejpiiyiieit reopembr. [Ipu omoriu nocseioareibnoctn Maitepa-
Biteropneca MOYXKHO TOKa3aTh HYJIEBOCTb TOMOJIOTHUII B OCTABIINXCS Pa3MEPHOCTSIX.
JL1st 9TOrO JIOKaXKeM JIeMMY

Jlemma, 1. I'pynnv Gj umerom caedyrousue 20MO0A02UL:
Hn(Gk) =0, k=2,
Hy(Gy) = Z.
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Hoxazameavcmeo. Bynem Bectu unaykiuio 1o k jgiust Gy. Baza: npu k = 3 rpyuma
(G5 mzomopdHa rpyrre L, KOTOPYIO Mbl pACCMOTPEJIN BHIIIIE.

Homycrum, aTo Teopema BbInosiHgeTcst it rpyinbl Gi_q1. Pacemorpum G =
Gj_1 *7 K n HanuiieMm TOYHYIO Toc/ieloBaTe/ibHOCTh Maiiepa-Bueropueca. 113 neé
UJTH 13 COOOPaKeHNsI TeOMETPUIECKON Pa3MEPHOCTH OYeBUHO OYJIET CJIe/I0BATh, YTO
H,(Gy) = 0 upu n > 3. Pacemorpum ciyvaii n = 2:

Abentennzanus rpymnbl G paBHa Z B CUJIY TOrO, 9YTO B KayKJIOM cjaraemMom L; djie-
MEHT &; SIBJISIETCSI KOMMYTaTOPOM, & 3JIEMEHT h; CKJIEUBAeTCA C SJIEMEHTOM ;1 JIJIs

Beex ¢ = 3,...,n. ToabKo 3jieMeHT h, He CKJIEUTCAd HU C KAKNM KOMMYTaTOPOM,
u, cjaejioBaTebHO, OyaeT obpasyromuM adejnenn3ann. Ho Torma B cuiy TOYHOCTH
Hy(Gy) = 0. ]

CaencrBue. ['pynnu Xuemana Hig, avurauunoi.

oxaszameavcmeo. Ouesnjno, uro Hig, cosepmenna. Ilo Teopeme {| rpynmna Hig,
MMeeT TeOMeTpUuveckyto pasmeprocth 2. Ocrajioch mnokasarsk, uro Hy(Hig,) = 0.
Nmeem

0 — Hy(Hig,) — Z®Z — Hy(Gy_1) ® Hi(L) — Hi(Hig,).

[To mpegoxennto Boitie Hi(G,—1) = Z u Hi(L) = Z. CiegoBaTtesbHO, TPEThs
crpesika — nzomopdusm. 3uaqnt, Ho(Hig,) = 0 uz rounocru. /lanbHeiiiee anao-
IUYHO CJICYeT U3 [IPEeJJIOKEeHNsl BLIIIIe. O

3 KoHCTPYKIMU TPy XUTMaHa CJIe/IyeT, YTO OHI TaKyKe He UMEIOT 3JIEMEeHTOB
KPY4CHUSI.

3.2 TI'pynnoBas HaJCTpoOIiKa

B reopun romosioruii rpyIin nMeeTcst aHaJI0r KOHCTPYKIME HaACTPOMKN 13 TOIIO-
ngorun. B srom naparpade Mbl cieyem cratbe [2].

Onpenenenune 3. [lycrs rpynmna GG BKIajbiBaeTcs B anukjandayoo rpymny CG —
OyJjieM Ha3bIBaTh €€ 2pynnosvim konycom G. Torma rpyiira

YG =CGxq CG
Ha3bIBAETCs 2pynnosoti nadcmpolixol vaja G.

U3 Tounoit nocnenoBarenbnoctu Maiiepa-Bueropueca jerko cielyeT BayKHBII
aHAJIOI CBOIICTBA OOBITHON HAJICTPONKU B KATEIOPUHU TOIOJOIMYECKUX IPOCTPAHCTB:
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YrBepxkaenue 7 (zomopdusm HagaCcTPOKN).
H\(XG;Z)=0u Hi 1 (XG;Z) = Hi(G;Z) onsi = 1.

3aMeTnM, 9TO KOHCTPYKIUs IPYIIIOBOIl HaJICTPOMKM JaéT HAM KOHCTPYKIIUIO T'O-
MOJIOTUYECKO# HaJICTPOMKHU IIPU IIepexojie OT JUCKPETHLIX I'PYII K UX IPOCTPaH-
cTBaM Ditnenbepra-MaxkeiiHa. A NMeHHO cIipaBeI/InBO

YrBepxkaenue 8. [Ipocmparcmeso
W =K(CG,1) ug@e K(CG,1)
UMEEM 20MOMONUYECKUT, TUN NPOCTPAHCNEA
K(CG g CG,1)
u boaee mozo,
Hi. (W:Z)~ H(G;Z), i =1, HH(W;Z) = 0.

Hoxazameavcmeo. Acdepuanocts npocrpancrsa W cieayer u3 reopeMbl YaiiTxeia
. zoMopdusMb J11s TOMOJIOTHI CJIELYIOT U3 N30MOP(MU3MOB IPYIIIIOBOIT HAICTPOIi-
K. [

Konacrpyknua CG npm moMoniu ajredpamdeckoro MOIOJHEeHUS TPYyHMbI.
B stom naparpade Mol ciiejryenm crarbe [2].

OxkazbIBaeTcsd, g 000 rpynmnbl G cymecTByeT anmukindaas rpymma CG, B
kotopyio G BKJajgbiBaercs, npuaém C' sBisieTcss yHKTOPOM.

Omnpenenenune 4. ['pynmna A HazbiBaeTcsa cynepepynnoti rpynnsl B, ecin B < A.

Omnpenenenue 5. Cyneprpynna M rpynnbl B HazbBaeTcss MUTO3UCOM B, eciin
CYIIIECTBYIOT 3JieMeHThl S, d B M, Takue, 4TO

1. M ={(B,s,d),

2. b? = bb® st 060rO b € B,

3. [V/,b*] = 1 szt 06ix b, b € B.
3aech b® 1= s 1bs.

Tenepnb onpeienM BayKHbBI KJIACC TPYIII:



Onpegenenue 6. ['pynna M HazbiBaeTCs MUTOTHYECKOM, €CJIN OHA COJIEPYKUT MU-
TO3UC JIIOOOM €€ TIOJIIPYIIIIHI.

MuTtorndeckue rpymnibsl 001aaI0T OUYeHb BaXKHBIM CBOHCTBOM:
Teopema 5. Mumomuueckue epynnvt auuKAUSHDL.

[IprumepoM MUTOTHYECKHX TPYIIT MOTYT CJIYYKUTH aJreOpamdecKu 3aMKHYTHIC
CPYIIIDBI.

Omnpenenenune 7. ['pynna G HazbiBaeTcs ajaredOpandecku 3aMKHYTOMN, €CJIH JIJIsT JITOo-
00l KOHEUHOIl crcTeMbl ypaBHEHUIt

filgry s Gns 1, ey o) =1, i =1, ...k

(OTHOCHTEIBHO MEPEMEHHBIX I1, ..., Ty W MOCTOAHHBIX (1, ..., g € G), I KOTOPOii
CYIIECTBYET pelleHue B cyreprpyiie rpymmbl (G, CyImecTByeT TakyKe pelleHne u B
camoit rpymre G.

Teopema 6. Anzebpauueckoe 3amvikarue A10000 2pynnvl ABAALMCA MUMOMUYECKOU
epynnoti.

Nwmeetcs ciemytonuii pe3yibTar:

Yr1BepxkKaenue 9. Beakas OckoOHeuHas epynna Moxcem 0vimd GA0HCEHG 6 aN2e0-
PAUYECKY 3AMKHYMYIO 2pYynny mot oHce MOUHOCTIU.

3 yrBep:kenns [9 u Teopem [5] u [0] ceyer

Teopema 7. Beakxas beckoneunasn epynna Moxcem 6vimb GA0NHCEHA 8 AUUKAULHYIO
epynny mot oce MOUHOCTU.

Konctpykiusa rpymnmoBoro Konyca Kana-Tépcrona. Kan u Tépcron B cBoeit
opuruHajibHO padore [4] mocrpomnn dyHKTOp rpymmoBoro Kounyca C', onupasich Ha
pesyibrar Moszepa [777] ciemyronmm obpasoM.

O6oznaunm uepes GQ rpymny dyuxunit Q — G, KOTOpble UMEIOT KOMIIAKTHbII
HOCHTEJIb, TO €CTh KayKjasl Takas (PYHKIMA NPUHUMAET TOXKIECTBEHHOE 3HAUCHUE
1 BHe HEKOTOPOI'0 KOHEYHOTO MHTEepBaJa. ['pyIina romeoMopdu3MoB palmoHaIbHbIX
qpces ¢ KOMIAKTHBIMU HocueT/ M Homeo Q neitcryer Ha rpymine GO kommosuiu-
smu. Torna onpenennm anredpandeckuit Konyc C'G, Kak MOJIYIIPSIMOE ITPOU3BEJICHUE
G? x Homeo Q ¢ yMHOMKeHHEM

(b,a)(V,d") = (ba(V)),ad), b¥ € G2, a,a’ € Homeo Q.

OueBujiHO, YTO JlaHHAST KOHCTPYKIUS (DYHKTOPUAJIbHA, U, KPOME TOTO, MMEeTCsI
Biozkenne rpyninsl G <— CG nopmasibibiM JiesmresneM: g — (by,id) € CG, rue
byr = g, ecim r = 0, u byr = 0, unaye.
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YrBepxkaenue 10. I'pynna CG us xoncmpyxuyuu Kana-TEpcmona asaiemcs ayuk-
AUYHOU.

Joxazamensvemeo. YTBep:KjieHne ToJiydaeTcd nu3 pesyibrata Mozepa o Tom, 9TO
I'pyIirna roMeoMopdu3MOB MIPAMOil ¢ KOMIAKTHBIM HOCHUTEJIEM alluKJINIHA U CIIEK-
TpaJbHOIl MoctetoBaTeIbHoCcT XoxXmuibaa-Ceppa, MpUMEHEHHON K paciinpeHuio

1 - GY - GY x Homeo Q@ — HomeoQ — 1.
]

Sameuarue. O0brano rpymna C'G umeeT HecUETHBIN opsi/I0K. Tem He MeHee, nMeeTcst
nonkonyc C'G < C'G, umerommuii Ty ke MOIIHOCT, 4To 1 (G 38 UCKJIIOUEHNEM CJIydast
koreuHoit G, B koropom rpyuma C'G 6yaer c4éTHOii.

3.3 IlocTpoenne amuKJANYHBIX TPYII U3 TOMOJIOTTYECKNX cdep

M. Kepgep B pabore [13], 1969 mosty<m moJHBI OTBET HA BOIPOC U3 BBECHIUSI
K HacTosIeil paboTe 0 roMoJIOrnIecKnx cdepax.
ITpex e, uem ero cchopMyIupoOBaTh, JjIsd y100CTBA BBEJIEM

Omnpenenenue 8. Koneuno npejcrapiernast rpymmna G peaiudyema TOMOJIOTTIE-
CKOIl n-cdepoil, ecau CymecTByeT HEKOTOpasl IEeJOUNCICHHAs NOMOJIOTHYeCKas -
cdepa ¢ pyHgaMeHTaIBHOI rpy1oi G.

[Tycth m — HekoTOpas rpyla ¢ g 00pa3yIoMUMI U 7 COOTHOMIEHUSIMU. dTOOBI
7 Obl/Ia peaJin3yeMa IOMOJIOINIecKoil n-cdepoil, HeoOX0AMMO, IYTOObI BBIIOJIHAIICH
cJIelytolue yCIoBus: T KoHedHo npejctaBumMa, Hy(m) = 0, Ho(mw) = 0. [ocnennee
COOTHOIIIEHUE CJIe/lyeT U3 U3BecTHOi TeopeMbl X. Xormda:

Teopema 8 (X. Xond). Hyemv X — ceasnwwi CW -komnaere. Toeda umeemcs
MOYHAA NOCACIOBAMEAVHOCTND 2PYNN.:

mo(X) > Ho(X; Z) — Ha(mi(X); Z) — 0,
ede h — 2omomoppusm Iypesuna, a deticmeue Z — m1(X) mpusuarvho.

Joxazamenvcmeo. B cumy Toro, uro npocrpanctso K (mp(X),1) moaywaercs us
npocTpancTBa X NPHKJIEHBAHIEM KJIETOK Pa3MEPHOCTH He MeHbIle 3, OTCIo/a Cpasy
JKe CIIeJyeT CIOPbEKTUBHOCTD. JlabHeiiee 0IeBHIHO. [

Omnpepesienne 9. Eciu rpymnma 7w ygosierBopster cootHomiennto Hi(w) = 0, To
OHA Ha3bIBACTCs cosepuwennol. Ecim m yaoBierBopsierT cpasy JBYM COOTHOIICHHSIM
Hi(m) = Hy(m) = 0, To oHa Ha3BIBACTCS CYNEPcosepuLerol.
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Teopema 9 (M. Kepsep, 1969, [13]). Ilycmv m — cynepcosepuentan kKornewno npeod-
cmasumas 2pynna, u nycmv n = 5. Tozda cyuwecmeyem 2aadkas 20MON0LUYECKAA
n-cgepa ¢ pyndamernmanvrot 2pynnot .

[IpuBesiém 3/1eCh CXeMy JI0Ka3aTeIbCTBa, KOTOpasl CJelyeT U3 KOHCTPYKIMU, HC-
nosibzyemoit C. I1. HoBUKOBBIM 1Ipu pernieHnn BOIIPOca O paciio3HABAHUN TOMOJIOIH-
dqeckux cep (00 9ToM ermé Oyier cKa3aHo HECKOJIBKO Mo3Ke, M. §77)

Cxema dokazameavcmea. (C. I1. Hosuxkos, [15] 1962) Ilo npejcraBieHuio rpyiib!
00PA3YIOMNMI U COOTHOIIEHNSIMI TIOCTPONM 71 + 1-MepHOe MHOroo6pasme ¢ KpaeMm

M= (D) Dy x D) | ) Dyt x D2

91,9k 71,572

rje CKJeifiKa IIPOUCXOJIUT CO CTaHIaPTHLIM CLUIayKUBAHUEM 110 OTOOparKeHUsIM

gj : D x dD; — D™,

. mn—1 2 n+1 n 1
rg: Dyt xaD; — o (D" | | D x D,
915--9k
KOTOPBIE COOTBETCTBYIOT 0OPA3YIONIUM U COOTHOIIEHUSIM I'PYIIIEL 7.

[To yemosuto Hy(m) = 0, nosromy B rpymie Hy(0M) o reopeme Xortda, cdop-
MYJTUPOBAHHOI BBIIIE, BCE IUKJIBI ABJISIIOTCSA chepruaecKuMu. Peamsyem ¢cBoOOTHBI
6azuc Ho(OM) chepamu S2 x D2 < M u cuenaem BJ0JIb HUX XUpypruto. To-
rja Mbl YOBEM BTOPYIO MOMOTONNYECKYIO TPYIITY (37€Ch CYIIECTBEHHO, 94TO N = 5)
1, CJIeJ0BATEILHO, HMOJYIIM HYJIEBbIe BTOpPbIE MOMOJIOIHH JIJIsi MHOTooOpasus oM.
[To mocTpoennto n ncxonsd M3 KJAETOUHBIX ToMojiornit, y M He MOTyT OBITH TOMOJIO-
IUH B OCTAJBHBIX Pa3MepHOCTSAX (KpoMme paszmeprocTd n). Craio ObITh, MBI IMeeM
roMoJIornueckyio chepy oM. ]

Bameuanue. 13 Teopembl [layHkape st crapimx pasmeprocreii (pesynbrar Cwmeii-
JIa) Caeyer, 9To ecjiu MHOroobpasue M U3 IPUBEJEHHON CXeMbI JJOKA3aTEIbCTBA
OJIHOCBSI3HO, TO OM — 3T0 cTanmapTHast cdepa.

Paccyzxenne C. II. HoBukoBa 1o3BoJIsieT CTPOUTH romoJjiorndeckue chepbl 2"
(n = 5) jIst TPOM3BOJIBHBIX CYTIEPCOBEPIIIEHHBIX KOHETHO OIPEIeIEHHBIX rpyIir. To-
rJ1a AIUKJIMIHBI KOMILIEKC TTOJTYIUTCs, €CJIM 13 TOH TOMOJIOTMIECKO chephbl BbI-
K0J10Th TOuky L"\{pt}. Ternepb, 4TOOBI TOJTYINTH AMUKIXIHYIO TPYIIILY, TOCTATOTHO
B34Th (PyHIaMEHTATLHYIO TPYIITY OT KOHCTpyKInn Kana-Tépcrona oT mosrydennoro
npoctpanctsa 1 (1T (X™"\{pt}), zo).

Cy1iepcoBepIlieHHbIX I'PYIIT JIOBOJILHO MHOro. Harpumep, n3BecteH cjie/ry ot
pe3yIbTaT:

12



Teopema 10 ([14]). IIpu n = 3 epynna

SL(n,F,) — cynepcosepwernas,
30 UCKNOYEHUEM MPET CAYHAEE:

SL(3,F5), SL(4,Fs), SL(3,F,).

['pynnbl 13 TeOpeMbI SIBJISIOTCA KOHEUHBIMI, & IIOTOMY OHH, KaK U3BECTHO, U3 Pa-
6or CaHa, He MOT'YT ObITh allUKJINIHBIMU. 10 €CTh NPUBEAEHHBIE I'PYIIIIbI SIBJISIOTCS
CyIIepCOBEPIIEHHBIMU, HO HE alluKJINIHBIMU.

8§84 AluKJjandYHbIEe IIPOCTPAHCTBA

BaxkHyro posib B TOIOJIOIMU UTPAIOT TaK HA3bIBAEMbBIE GUUKAUYHDIE NPOCTDAH-
CMBa, TO €CTh TaKKe IMPOCTPAHCTBA, TOMOJIOIUN KOTOPBIX C IIOCTOTHHBIMU K03 -
[IeHTaM B 7, TPUBHAJIbHBI. 3aMETHM, UTO TaKie HeTPUBUAJIbHBIE IIPOCTPAHCTBA,
B cIJIy TeopeMbl 'ypeBuda u TeopeMbl YaiiTxena, 00si3aHbl IMETh HETPUBHAJILHYIO
dyHIaMEeHTAJIbHYIO TPYIIILY.

Cdopmynmmpyem 3j1ech 00001IeHIE TEOPeMbl YaiiTxega Ha HEOJTHOCBSI3HBIA CJIy-
qail. 9TOT pe3y/IbTaT HaM IIPUTOJUTCs B JlajbHENIIeM.

Teopema 11 ([23]). ITycmv omobpasicenue f : X — Y wmeocdy ommeuennvimu
KACTOYHBLMU KOMNACKCAMU UHOYUUPYEM. U30MOPPUM PYHOAMEHMANOHOIT 2PYNT
U UBOMOPPUBM 20M0A02UT € AOOVMU AOKANLHBMY KodPPuyuenmamu A, m. e.

H.(X;f"A) = H.(Y; A).
Tozda f AGAAEMCA 20MOTMONUNECKOT IKGUCAACHITINOCTIBIO.

Hoxasameavcmeo. Bynem cunrarh, uro X n Y ceasubie. [lognumem orodpaenue
f Ha yHEBepca/ibHOEe HAKpbITHE Tak, 4ToObl f(To) = 9o, TJe Ty U §Jy — HEKOTOPbIE
HOJHATUST OTMEYEHHBIX TOYEK To 1 Yy. B cumiy Kiaccumueckoii TeopeMbl YaiTxena
JI/Is1 OJIHOCBSABHOIO Clydast U B CUJIy TeopeMbl ['ypepnia, JI0CTaTOUHO 1MOKa3aTh, YTO
f ungynupyer usomopdusm B romosiorusix H,(X;7Z) =~ H,(Y;Z). 3anuiiem criek-
TpaJibHbIE TOCJIE0BATEILHOCTH Jlepe ist YHIUBEPCAJbHBIX HAKPBITAN p; U po HaJ
npocTpancrBaMu X 1 Y, pacCMaTpUBaeMbIX, KaK PACCIOCHUsI C JIUCKPETHBIM CJI0EM:

~

Hy(X; Hy(G)) = Ho(X),

Hy(Y; Hy(G)) = H.(Y),
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rie G = m(X).
B cuy nuckpersoctu G, ClieKTpasibHbIE OCIEI0BATEIBHOCTH BBIPOK IAIOTCS BO
BTOPOM UJIEHE, U [I09TOMY Mbl UMEEM CJIEJLYIONLYIO JTUArDAMMY

G onckpeTtHalll Hn(X7 pl*Z) = Hn()?, Z)
H_0(G) 6yneT \ZNGI ; l lf
H, (Y 2. Z) = H, (Y Z)

L]
Buech wepes puZ u ppl obosatern (BOSMOKHO pasibie) G-vomym Z. [T

f*(p2sZ) = p1.Z. CrefoBaTesIbHO, 110 YCJIOBUIO f, B JIEBOM CTOJIOIE JUTPAMMBI HHTY-
upyer u3oMopdusM. A 3HAUUT, Mbl IMEEM UCKOMbI H30MOPQU3M B IIPABOM CTOJIOIE
JINTPAMMBL.

4.1 dPynkrop lpopa

Mo2KHO 381aTHCSI BOIIPOCOM O TOM, BCst
Hpop B pabote |?77?] mokaszas, 9T0 B KATETOPUN CHMILIUIIHAIBHBIX MHOYKECTB C
OTMeYeHHOI TOYKOI sSet, mmeercst 9H10(DYHKTOP

A : sSet, — sSet,

1 eCTeCTBEHHOE OTO6pa)K€HI/Ie

a:AX — X,
Takoe, 4To
1. AX anmukandno st Jr000ro CUMILIAIHAILHOTO X |

2. Orobpazkenne a : AX — X yHuBEpCAIbHO ¢ TOYHOCTHIO JI0 TOMOTOIINN CPEJIH
BCEX OTOOpaKEHU N3 allMKJIMIHOTO ITPOCTPAHCTBA B X ;

3. Ilyers Hj(X) = 0 jyisr ymoboro 1 < j < n. Torga romoronmdeckuit ciioii
orobpaxenus a : AX — X gapiasercs (n — 1)-cBazubiM. B gacrhnocru, ecim X
AIMKJINYHO, TO @ — cJ1abas SKBUBAJEHTHOCTD.

4. Ecim X sBIsieTcst j-poCTBIM POCTPAHCTBOM Jijist HeKoToporo j = 1 (T e.
neficrsue 71 (X) wa 7;(X) TpuBmaibho), TO TakoBo ke n AX.
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Michael Korneff

Michael Korneff
G дискретна!!!

Michael Korneff
H_0(G) будет \Z^|G|


OyuakTop A 3amaérest Ha npocTpaHcTBe X, Kak IIpejes
AX =limA, X,
OaIlHI pacC/JI0eHni
oA > A X > A X =X

Bamus crpoutest nuaykrusHo. OTobpaxkenne py @ A1 X — X nosaydaercs, kak
HaKpbITHE HAJ X, COOTBETCTBYIOIIEE MAKCUMAJIBLHON COBEPITEHHO HOPMAJIHLHON MO~
rpymie 7m1(X). Hdanee, A, X nosnyaaercs, kak pullback B muarpamme

A, X — AP, ZA, X (1)

| |

A, X ——P,ZA, | X

B stoit guarpamme A — dyHkTOp myTeit; Z — (yHKTOP, acCOUUPYIOMINIL ¢
CUMILTUIUATHLHBIM MHOYKECTBOM Y CHUMILTUIIAJLHYIO adeeBy rpynmny ZY, eé n-
CUMILIIEKCAMU CJIYZKAT BCE BO3MOXKHbBIE JIUHENHHbIe KOMOMHAITNN 711-CUMILJIEKCOB U3 Y]
P, — dbyakTOp, COMOCTABIAIONII CUMILTUITUAILHOMY MHOXKECTBY €TI0 N-blif 9TaxK
cucrembl Mypa-Iloctnukosa. [Ipu sTtom P, X onpejensercs, Kak paKTOPIPOCTPaH-
ctBo X 10 OTHOMIEHUSM SKBUBAJIEHTHOCTH ~p, [IPU KOTOPBIX X1 ~, T2 (371€Ch I
U L9 HEKOTOPbIE ¢-MEPHBIE CHUMILIEKCHI), €CJIU OrPAHIYCHUsT CUMILIEKCOB T U To HA
n-MepHbIEe OCTOBBI COBIAJIAIOT.

4.2 CuMnimnuajibHbIe pa30ueHns aIIKJINIHBIX KOMIIJIEKCOB

meeTcst psifi MHTEPECHBIX BOIIPOCOB O CHMILIUIINAIBHBIX pa30MeHUAX KaacCudu-
IUPYIOMNUX ITPOCTPAHCTB AlUKJINYHBIX TPYIIIL.

BoripocC 1. Kax onpedeasmsd uau cmpoums auukiudmnsle KOHEYHO 0npedenérivie
epynnot?

BOIIPOC 2. Kakosvl 0ueHKu Ha 4UCAO CUMNAEKCOE MUHUMANOHOT MPUGH2YAAUUL
KAGCCUPUUUPYIOUWE20 NPOCTPAHCNGG AUUKAUNHOT KOHEUHO onpedesénHot 2pynnovt 6
MEPMUHAL YUCAA 00PASYIOUWUT U COOMHOWEHUT?

[Tonmbie OTBETHI Ha JIAHHDBIE BOIIPOCHI HEM3BECTHHI.
[TpuBesiEém 371eCh ABHYI0 KOHCTPYKITUIO allUKJIMTIHOTNO CUMILIUITUATEHOTO KOMILITEK-
ca Ha OCHOBE OIMCAHHON BbINle KOHCTPYKIUN I'pynibl Xurmana Hig,.
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ITpumep 1. IlpuBejiém 3/1ech sIBHYIO KOHCTPYKIUMIO CHMILIUIUAIBHOIO KOMILIEKCA,
SIBJISTEOITIETOCsT KJIACCHDUIIPYIONTIM TPOCTPAHCTBOM TpyIibl Xurmana Higy.
ByjieM cTponTh KOMILIEKE, CJiejlyst OIMCAHHON KOHCTPYKITUU MPYTIT XUurMaHa (eM.
cOOTBETCTBYOIINIT Taparpad).
CravaJta TTOCTPOUM CUMILIHIHAIBbHBIN KoMIuteke it K (BS(1,2),1).

by 0

ai

BS(1,2) = {a1,by | b]" = b7)

Tenepb BO3BbMEM 2 KOITMN TaKNX TPUaHT'YJINPOBAHHBIX IIATUYT'OJIbHUKOB 1 CKJIEUM

w3 mux K (L, 1).

az

al ai

al an

ay
L= (b, a1,a2 | bi' =7, af” = a7)

Haxownerr, BosbMéM 2 kornu KoMmitekcoB K (L, 1) u ckienm ux.
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az

by

; a 2 a 2 b 2 b
Higy = {ay, b1, a9, by | b1 = b1, a1 = af, ay* = a3, by

§5 Koucrpyknusa Kana-Tepcrona

. Kan u V. Tépcron nosyanm (1976) ciegytomnuii pe3yibrart:

Teopema 12 (/1. Kan, V. Tépcron, 1976, [4]). Jlas a06020 sunetino c6a3n020 cum-
NAUYUANHO20 MHodicecmea X : sSet, ¢ ommeuenHot mouwKkot Cyu,ecmsyem paccio-
enue Ceppa

t:TX - X,

ecmecmeertoe no X u 004a0a10wee CACOYUUMU CEOTCNEAMU.

(i) Ecmecmeennoe npeobpasosarue gyrnxmopos t : T — Id undyyupyem usomop-
Pusm 2pynn CuMYAAPHHLT 20MOA02UT U KO20MOA02UT ¢ KodpPuyuernmamy 6
nPou3eosvHol AokarvHotl cucmeme A na X, m. e.

H.(TX;t'A) 2 H.(X;A), H*(TX;t"A) = H*(X; A).
(i) IIpocmpancmeo TX acgepuuno, m. e. TX ~ K(Gx,1), u omobpascenue
t,m : Gx = mX — anumoppusm.

X 1

(v) Tomomonuueckud mun npocmpancmea X nosnocmuio onpedesaemcs napot
epynn (Gx, Px). A umenno, npocmpancmeo X mootcem Obimsb NOAYHEHO ¢
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mownocmuio do 2omomonuu npumenenuem x npocmparcmsy K(Gx, 1) dymnx-
mopa (—)* naroc-konempyryuu Keuatrena omuocumesvro cogepuennot Hop-
ManoHoT nodepynno, Py . 9keusasenmmuo, X moorcem 6vimsd nosyvero npume-

neruem Pynrmopa nocaotinozo Z-nonosnenus Boycpuada u Kana (em. [797])
k paccaoeruro Ceppa K(Gx,1) — K(Gx/Px,1).

(v) Vwusepcaavroe naxpomue X nad X mootcem 6vimsd NOAYUEHO ¢ MOYHOCTIDIO
do 2omomonuu npumeneruem dyrwkmopa Z-nonosnenus x K(Px,1).

(vi) Auurauunwd caot paccaoenus Ceppa TX — X noayuaemes ¢ mounocmvio
do 2omomonuu npumerneruem dyrwrmopa popa x K(Px,1).

[TpuBeném moKazaTebCTBA MOCTETHUX YETHIPEX MYHKTOB, MOCKOJIBKY OHU OITy-
IIeHbI B OpUrnHaJIbHON cTaThe Kana-Tépcrona.

Jloxasamenvcmeo. (iii). Ing ToqHON OCTEI0BATEILHOCTH
1—>PX—>GX—>7T1X—>1
FIMEET MECTO CIEKTpasbHas MOCIC0BATEILHOCTL Xoximiibaa-Ceppa
Hy(mX; Hy(Px; Z)) = Hpo(mX; Z),

rjie Z — TPUBHAJbHBIN 1 X -MOTY/Ib.
3anuireM TOUHYIO MATHIJIECHHYIO MTOC/Ie/I0BATETHHOCTD

Ho(mX) — E2y B B3 — Hi(mX) — E2, — 0.
Wnmeem: E3 ;= Hy(mX). Hanee,
Egy = Ho(mX; Hi(Px)) = Hi(Px)xx = Hi(Px),

OCKOJIBKY MHyTmpoBanHoe Jeiictue m X Ha ker(Gx — 71X ) tpusuaibro. Hako-
Hell,
E}y = Hi(mX; Hy(Px)) = Hi(mX).

3 nepsoro croiictea dynkropa Kana-Tépcrona ciemyer, uro Ho(Gx) =~ Hy(X),
Hi(G) = Hi(X). Kpowme toro, Hy(mX) = Hy(X) (mocrosirmbie ko3buinenTs: B

7). Ctajio ObITh, MBI TOJTy9aeM

~

Ho(X) = Ho(mX) > Hi(Pyx) > Hy(Gx) > Hi(X) — 0.

Crpesika cjeBa siBJIeTCsl SMUMOPMU3MOM B CHJIy TeopeMbl Xorida. 3HAYUT, B
CIJTy CKa3aHHOTO BBIIIE, MbI oty daem, ato Hq(Gx) = 0.
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(1v). TTokaxkem, 9To MIIOC-KOHCTPYKIHsT KBUJLIEHA OJIHO3BHATHO ¢ TOYHOCTHIO JIO
rOMOTOIINYECKO 9KBUBAJEHTHOCTH, BoccTaHaBanBaeT X 110 T'X u coBepIiiienHoit HOp-
masibHoit ojrpyiine Py B Gx = m(TX). lpumennm dyuxkrop Ksuiiena Kk omob-
paxkenuio t : T'X — X, u MbI IOJIydnM OTOOPaKeHUE

L (TX,Py)" — X.

Jlerko BujieTb, 4TO OTOOparkKeHue tT OyaeT MHAYIUPOBATL M30MOPMU3M Ha (DYH-
JIAMEHTAJIbHBIX TpyIax. Kpome Toro, mo cBOWCTBY IJIIOC-KOHCTPYKIIUN MbI Oy/eMm
TaKzKe UMeTh 1 M30Mopdu3M B J11000ii cucreme JIoKaIbHBIX KoadduimenTos A. 3na-
YUT, 110 TeopeMe YaiiTxea (11| /1 HeoIHOCBABHBIX ITPOCTPAHCTB Mbl TIOJTy9aeM, UTO
f — romoronmueckas IKBUBAJIEHTHOCTD.

Tenepnb noxaxkem, uTo X MOXKHO TOJIyunTh U3 1T'X npuMenenneM pyHKTOPa Zq,
[Ipumenus rocoitablil (pyHKTOp Z-1101101HeHNs1 K paccioennto Ceppa T'X — X, MbI
MOJTYIMM OTOOpazKeHue

f:7,TX — X.

[Tokaxkem, 9To f MHIyIUpPyeT MOMOTOINYECKYIO SKBUBAJIEHTHOCTH. Jlj1sT 9TOro MbI
BOCIIOJIb3YeMcs TeopeMoii Yaiitxena 11| ajs1 HeognocBszHoro ciaydvas. I3 pacemorpe-
HUsI TOYHOI 1TOCJIeJI0OBATEIbHOCTH PaCCI0EHUs

Z.K(Px,1) — Z,K(Gx,1) — K(mX,1),

Oepyl1erocsi U3 OCHOBHOI'O CBOWCTBA (DYHKTOPA IMOCJONHOTO Z-TTOIOJIHEHUSI, 10Ty da-
ercs, 9To f MHIAynupyeT n3oMopdusM Ha DyHIaAMEHTAJIbHBIX I'PYIIIax

fo:m(ZpK(Gx, 1)) = m(X),

10cKOTbKY 71 (Zop K (Px, 1)) = 1, em. [24].
Paccmorpum mopdusm paccioennit Ceppa

K(PX,l)—>K(GX,1)—>K 7T1X 1

| | |

Z,K(Py,1)— 7, K(G,1)— K(m X, 1)

DToT MOpGU3M UHIYIUPYET MOPGU3M CIIEKTPaJIbLHBIX II0C/Ie10BaTe/IbHOCTel J]e-
pe. ust mokazaresbcTBa TOro, 9To f MHAYIUPYET U30MOPMU3M B KOMOMOJIOTUSIX C
JIOKAJIbHBIMU KO3 DUIeHTaMu, JJOCTATOYHO B CUJIY TeOpeMbl 3UMaHa I10Ka3aTh, YTO
I J1I0001 JIokasbHoi cucreMbl A na X

H(K(P,1);i* o t* A) = H,(Zo K (Py, 1); Zpi* 0 Zopt* A),
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rj1e ¥ ot* U Zipt” 0 Zipt™ SIBIASIOTCS KOMIIO3UITUSMU TOMOMOPMU3MOB (DY HIAMEHTA -
HBIX IPYTI B JAHHBIX PACCIOCHUSX. 3aMETUM, YTO 9TH KOMIIO3UIIUN TOMOMOP(hU3MOB
TPUBUAJIBbHBI, I03TOMY YUaCTBYIOIIHE KOIMDPUITUEHTHI MOy Ial0TCA TPUBUAIbHBIMU.
Ho

H(ZoK (Px,1);Z) = H(K(Px,1); Z),

OCKOJIbKY TIpocTpancTBo K (Px, 1) siBisiercst Z-XOpomiiM B TepMuHax paboTsl bo-
yehuiina u Kana. [lociaeanee BepHO B CHIY COBEPIIEHHOCTU I'PYIIILI Py .

(v). DTOT MYHKT CJeyeT U3 MPEIBLIYINEro U TOUHON MOCIe0BATEIbHOCTH Pac-
CJIOEHUS

ZoK(Px,1) — Z,K(Gx,1) ~ X — K(m X, 1).

(vi). Mol nmeem orobpazkenue f: UX — K(Px,1), tne UX sBisiercs ToMOTO-
nndeckuM ciaoem paccioenns Ceppa T'X — X. Ilpumensia x f dyukrop dpopa A
1 yautbiBast, 9T0 UX anukjanaHo (9T0 CIEyeT U3 CIEeKTPAJIbHOI TOCTeI0BATE b
noctu Jlepe i gamHoro paccioenus w toro, 4ro I'X m X uMeoT oJIMHAKOBBIE
TOMOJIOTHH ), MBI TIOJIy9aeM OTOOparKeHue

Af :UX — AK(Px,1).

Ouesnjro, A f nunaynupyer n3oMopdu3M B TOMOJIOTUSIX MEXKTY Oy IeHHBIMU al[iK-
JIMIHBIMU [IpocTpancTBamu. 13 coiictsa dynkropa Ipopa ciejyer, uro w1 (AK (P,
= m (AP K(Px,1)) = N, tne P;(Px) — nepsblit 9taxx cucrems! [locTanKkoBa mpo-
crparcrBa K (Px, 1), a N — makcuMaJ/ibHas COBepIeHHas MOArpyIa B rpyie Py,
T. e. N = Px. Kpowme toro, m(UX) =~ Px u3 TOYHOII OC/IEI0BATEILHOCTH PACCIOe-
HUsl BbIIIe. SHAUNT, f MHAYIUPYeT H30MOpdU3M 1 Ha PYyHIAMEHTAJIbHBIX I'PYIIIaX.
HanpHeiiee cieayeT n3 TeopeMbl YaiTxe/Ia.

[]

5.1 IIpumep: cayqaii cdep

s KoHkpeTHOro ciaydas cdep S" mocrpouM gBHO INpocTpancTBo 1T'S" Tuma
K (m, 1) u orobpazkemue

t:TS" — S",
Takue, 9To Ha (KO)rOMOJIOIHSX HHJIYIUPYIOTCA n3oMopdusmbl. B stom maparpade
MBI ciieiyeM crathbe [2).
5.1.1 JIBymepHnas cdepa

[TycTb BHAaYase MBI mMesti pocTpaHcTBO X = S'. MbI XOTHM HOJIYYINTH U3 HETO
npocrpancTso Tuna K (, 1), KoTopoe 66l HMeJIO Te yKe POMOJIOIUH, 4To U S?.
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Bosbmém B KauectTse rpytosoro konyca C'Z rpynny Xurmana Hig,. DT1o BJ1o-
JKeHHe UHIYIUPYeT 0TOOpaskKeHue

S' ~ K(Z,1) — K(Hig,, 1) (%)

CkJtenB jiBe KONNHU TMIHHIPA 0TOOpazKeHus: (%) BOJb OKPYYKHOCTH, MbI HOJTYIUM
COTJIACHO YTBEPZKJIEHNIO [§ ICKOMOE TTPOCTPAHCTBO

K (Hig, »z Higy, 1).

Ha mocTpoenHOM poCTpaHCTBE MOYKHO BBECTH CTPYKTYPY 2-MEPHOTO CUMILIUINATb-
HOrO KoMILIekca, B3siB B Kauectse K (Higy, 1), Hanpumep, TPHAHTYJISAIIIO, TOCTPOEH-
Hyto panee. [l mocTpoenns oTobparkenusi

t . K (Hig, 7 Hig,, 1) — S?

OTHPAaBUM KayKJIbI MUJINHAP B TPEYTOJbHUK TaK, YTOOBI 2-MEPHBIH CHUMILIUINAb-
ubiit kommieke K (Hig,, 1) ornpaBuicst B 6apuiieHTp 9TOr0 TpeyrobHUKA, & Ha UC-
XOJIHOM OKPY?KHOCTU BO3BMEM ¢ TOZKIECTBCHHDBIM.

5.1.2 n-mepHas cdepa
[Tocsie ocTpoenus npocrpancTsa T'S? MOMKHO MPOJIOJIZKATL HPOIECE, HCHOIb3Ys
CTIEJTYTONTYIO TEOPEMY

Teopema 13. [Iycmo umeemcsa earooicenue F— G, 2de G — auyurauvnas. Tozda
amanveama G *p G exasadvieaemcs 6 2pynny

(Ax F)xp G
2de A — 10604 HEMPUBUANLHAA AUUKAUNHAA 2DYNNA.

DTa 3amMedaTebHas TeopeMa TO3BOJISIeT HaM ITPOJIOIZKUTE NHJLYKTUBHOE TIOCTPO-
eHue npocrpancTs 1'S".

[Iycts n = 3. BosbméMm B KadecTBe roMmoMopdusma B (SN oToOpaxkenue Z —
Hig,. Torma Mbl OyeM UMETh BJIOKEHNE B AllUKJIMIHYIO TPYIIITY

Hig, x7 Hig, — (Hig4 XZ) *7, Hig,
1 CHOBa 00pa3yeM IpU MOMOIIN TaKUX BJIOXKEHUIT FOMOJIOTTYIECKYIO HaJICTPOIKY:

TS’ = [(Higy xZ) xz Higy] = [(Higy xZ) *z Hig,]
Hig, *7 Higy
Tenepb Ha KaxKJ0M CJIeAYIOIIEM Iare n OyjaeM OpaTh B KauecTBe BJIOKeHHd F' —
G 13 J1IeMMbI BJIOYKEHUe T'PYII 13 [IPeIblayiiero mara n — 1.
[Tpuaém jrsd Kazkioro n OyAeT 1MoJ1ydaThCsd N-MepHBI KOHEeUHBIH CUMILIUIIA b
HBII KOMILJIEKC 110 YTBepzKaenuio [, B cuiry Toro, 4To reoMeTpudeckas pa3MepHOCTD
rpynnsl XurMata paBHa 2, a TpyIsl Z — pasHa 1.
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§6 Meton MayHaepa mmoctpoenns mpocTpaHcTBa Kana-
Tepcrona

I35102kUM 3/1eCh JJOBOJILHO IIPOCTOE JIOKA3ATEILCTBO YACTU YTBEPXK ICHHI Teope-
mbl Kana-Tépcrona, waiigennoe Mayugepom B [6].

Teopema 14 (/1. Kan, V. Tépcron, 1976, [4]). Jlaa kasicdozo aunetino ceasnozo npo-
cmpancemea X ¢ ommeuennott moukoti cywecmeyem npocmparncmeo T X u omobpa-

IHCEHUE
TX 5 X,

ecmecmeerroe no X u 06%@0&?01@66 ceotlicmeamu:

1. Omobpasicerue t undyyupyem uzomopPhuam 6 (CureysapHovLT) 20MON02UAT U KO-

20MO0N02UAT
HJ(TX;t*A) = H.(X; A)

s M0600 A0KaALHOT cucmemnvl kKospduuyuermos A na X ;

2. m(TX) mpusuarvha o i # 1, u omobpasicenue na GYHOAMEHMAAOHOIT 2PYN-
nax mt — anumoppuam,

3. Ecau ucxrodnuvim npocmparncmeom 0via KOHEUHDIT CUMNAUYUUALOHDIT KOMNAEKC
X, mo TX moorcem bvimvd 6b10paHO KOHEUHBIM.

Jloxasameavemso (C. R. F. Maunder, 1981, [6]). Crauana jgokaxkem yTBep:KjeHue
JIJIs KOHEUHBIX CUMILIAIAAIbHBIX KOMILIEKCOB MHIYKIIHEl 110 YUC/Ty CUILIEKCOB. IIycThb
JUtd Jiioboro Komiuiekca L ¢ ne 6osee, uem N — 1 cuMminiekcamMu oToOpakenue t :
TL — L ynosierBopsieT IMyHKTaM TeopeMbl. IIpenmosioykum Tak:ke, 9TO Ha, MOM-
komiiekcax M < L, TM = t M, u m(TM) — 71(TL) siBisiercss nnbeKIueii.
[Tocko/bKy BesiKmii 1-MepHBIIT KOMILIEKC siBJisteTcst ipocTpancTsoM Tuta K (m, 1), To
oTobpazkeHne t MO¥KeT ObITh BBIOpAHO TOXKJAeCcTBeHHbIM, ecyn dim L < 1.

ITycts Tenepnr K mosydaercst u3 L npukjenBacHHeM N-CUMILIEKCa 0 K 0o C L,
riae dimo > 2. Torna T'(0o) siBasiercst nopnpocrpanctsom 1L, u ecin f 1 o0 — A"
— CUMILTUIUAJILHBI TOMEOMOPGU3M Ha, CTAHIAPTHBII N-CUMILIEKC, TO 0TOOpazKeHne
Tf:T(0o) — T(0A™) asnsgercsa romeomopduzmonm. Kpome toro, T'(0A™) asiserca
npoctpancTBoM Tutia K (7, 1) 110 1peoIoKeHn0 UHLY KN,

Biioxkenue rpynb! 7 GEHocIpocHpaEens® (7T 1H/IyIIPYeT 0TOOparkeHue
Kyiaccudunupyonmx mnpocrpancts g : T(0A") - K(Cm, 1).

Torma MOXKHO MpUKJIENTh MUIHHADP oTobpaxkerust g o T'f Brons T(0o) x TL,
a oToOpazkeHne t MOXKHO IIPOJOJIKUTEL 10 oTobpazkenus t : TK — K, orupapiisis
K(Cm,1) B 6apuIieHTp CHMILIEKCA 0.

IIpoBepum Tenepnb, uro otobpazkenne t : T'K — K — nckomoe:
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1. Paccmorpum jiBe TouHble nocsiegoBaTebHocT Maitepa-Bueropuca jijist mpocTpaH-
CTBa

TK = Cyl(g O Tf) LT (00) TL

1 JIJIs1 IPOCTPAHCTBA
K =0uy, L.

TOI‘IL& 11O IMPEeAIIOJIOXKECHNIO MHAYKINN M1 110 5-JIEeMM€E MBI 6y,ILeM NMETHL N30MOP-

dbusm H, (TK; A) = H,(K; A).

2. CkJienBaemble TPOCTPAHCTBA SIBJISIOTCS acGEPUIHBIMU U CKJIEHKA TPOMCXO/AT
BJIOJTb acepPUIHOrO MPOCTPAHCTBA, TAKyKe B (DyHJaMeHTATIbHbIE TPYIIbBI PO
crpancts T'L u K(Cm, 1) BKIapiBaeTcst TPYIIIA T, TIO9TOMY 10 TeopeMme YaiiTxe-
na npocrpanctso T'K = Cyl(g o T f) Upae) T'L 6yaer mvers tun K (m(TK), 1),
rie m(TK) = 7 (TL) *, Cw. Kpome toro, orobpaxkenne t, : m(TK) — m(K)
ABJIACTCs SMUMOPPU3MOM, IOCKOILKY T (K) = (L) *1, (50 m1(0) 1 B cuty npes-
TTOJIOYKEHUST WH Y KITHTL.

3aMeTuM, 4TO KOHCTPYKIIMA HpocTpaHcTBa 1K siBIsieTcsT eCTeCTBEHHOI OTHOCH-
TeJILHO CUMILIUIINAIBHBIX OTOOpayKEeHUil, COXPAHSIONUX CTPOTHUil TopsIoK. Takmm
00pa3oM, JijIsi KOHEUHBIX CHUMILINIAAJIbHBIX KOMILIEKCOB Teopema JloKasaHa. bepst
KOIIpEJIeJT 110 KOHEUHBIM ITOIKOMILIEKCAM, MOXKHO TOJIYYUTh PE3yJIbTaT JJisd OecKo-
HEYHBIX CUILIAIAAJIBHBIX KOMILJIEKCOB.

B obmiem ciydae, ecsim X — MPON3BOJILHOE JIMHEHHO CBSI3HOE ITPOCTPAHCTBO, MbI
MOZKEM TOJIOZKUTH

n
TX = T(|SX|").
rje SX — CUHTYJISIDHBIN KOMILIEKC, pacCMaTpUBAeMbIil, KaK CUMILIAIIAIbHOE MHO-
JKECTBO, | - | — peanmsanusi CUMILUIHIIHATIBHOIO MHOYKECTBA, & JBOWHON IMITPUX —

BTOpOE DapUIIeHTPUIECKOE 10/Ipa3 ie/ieHne. DTa KOHCTPYKIINA TaK»Ke sIBJISIeTCs ecTe-
CTBEHHOIL.

JlokaxkeM Toc/e/IHNi ITYHKT TeopeMbl. [IycTh m3HadaibHo X OBLIO KOHEYHBIM
CUMILITUIUATIBHBIM KOMILIEKCOM.

ByneMm cTponTh MHIYKIHEH MO0 PasMepHOCTH W YHUC/IY KJIETOK Mapy KOHEUHBLIX
cumiiuababix npocrpancts (UK, TK) u orobpaxkenue nap t : (UK, TK) —
(CK,K), tne CK — konyc naj K, takoe, uro orpanudenne t Ha TK sBisiercs
HCKOMBIM oToOpaskerueM. [Ipemosoxkum, aro Mer yke nocrpown t: (UL, TL) —

(CL, L), takoe, 9ro

(i) (UL, TL) sBasiercss KoHewHOI cnMiumnuaibhoii mapoit, dimUL = n + 1,
dimTL = n;

23



(ii) st 1100010 CBSI3HOTO r-MEpHOro TojKoMIniekca M KoMmiuiekca L BBITOJHEHO:
tH(COM) ut (M) asnsorest (r+1)- u r-mepubivu nogkomitexcamu UL u T'L
cooTsercTBenHo, orpanndennd t: tH(CM) — CM, t : t71(M) — M ynosie-
TBOPAIOT MEPBBIM JIBYM YCJIOBHSM TeopeMbl. BoJjiee Toro, mycrs mit 1 (C'M) —
mUL, it 1(M) - mTL n mt 1 (M) — 7t~ Y(C M) aBasiorcst nHbEKIUsM.

Baza nnayknum — HyJbMepHbIil ocToB. Ha HéM mostaraem ¢ ToXK1eCTBEHHBIM OTOO-
paxkenuem, UL = C'L. Teneps nycrsb K 110/1y4ueH TpPUKJIEHKO cUMILIEKca 0, pa3Mep-
noctu n = 1. Torja 1o npeanonoxkennio unaykiun ¢t 1(Cdo) u t~1(do) apnaiorcst
nojikomiuiekcamu U L u T'L coorBercTBenno. [lycts T'K nonydaercs u3 1T'L mpukJieii-
koit koruu t~1(C'do) Bionn t71 (00 ). Mponomkenne t : TK — K GyjeT oTHpaB/IsTh
t1(Coo) 8 Coo, npuuém COo oTOXKIeCTBIISICTCS € 0 TaK, YTO BEpHINHA CHMILIEKCa,
C'do unér B GapuileHTp 0 CUMILIeKca o (& Jlajiblie 0TOOpazKeHre MPOJI0JIZKAETCs 110
muneiinoctn ). Jlst mocrpoernst UK paccMOTPUM KOMILIEKC

X = t‘l(Céa) Ut=1(d0) t_1(050).

Torpa X Gyner nupocrpancrsoM tuna K (w, 1), rae m = G xp G, G = m(t71(Coo))
u sicio, uyro dim X = dim o = n. PaccMorpum ciieyroiiee oOpa3oBaHue:

UK :=(ULuUTK) ux Cyl,

riae Cyl — sro mumunap orobpaxkenns X = K(Gxp G,1) - K((A x F)xp G, 1),
B KOTOPOM A — HeTpHBUAJbHASI T€OMETPHYECKU KOHEYHAsl AllUKJINYHAsT TPYIIa C
dim K(A,1) = 2 (manpumep, rpynmna Xurmana Higy). Orobparkenne ¢ mpojoika-
ercs Ha UK ornpasiennem K((A x F) g G,1) B 6aputientp konyca Co. Ecu
dimo = 1, HykHO0 BMecTO G *p G B3sITH I'pylly Z, KOTOpasi JT0JIXKHa, BKJIaIbIBATHCS
B A Bmecto (A X F) *p G.

[Ipocrpancrso K ((A x F')xp G, 1) aBiisieTcsa aluKJINIHbIM OTHOCHTEILHO CHCTE-
MbI K03 durmenTos t* A, MOCKOIbKY TOCIe/ s TpuBraibHa. leiicTBuTenbHo, ona
nostyuaercst uz cucrembl A na X pullback’om Biosib orobpazkenns t : t7H(Coo) —
Cdo, no xouyc C'0o craruBaeM, U 3Ha4IWT, cucrema A Ha HEM TpUBHAJIBHA.

Hasee, n3 okazarenbersa yrBepK aennst |77] momydaercs, aro dim K ((AXx F)xp
G,1)=n+1.

BaMeTnM, 9TO Ha KaykKJOM Iare IIJINHIPbI OTOOPAYKEHNsT MOXKHO TIPEJICTABUTh
B BIJIe CHMILTAIATBLHOTO PasbUeH i, TT09TOMY MbI TOJIydaeM KOHEUHbBI CHMILTUIH-
AJIBHBII KOMILIEKC ¢ TPEOEYMBIME CBOHCTBAMIL. DTa KOHCTPYKIINS TAKKE €CTECTBEHHA
10 TPOCTPAHCTBY X .

[

IIpumep 2. [IpuBeném 31ech noiaroBoe MocTpoeHne KoHcTpyKimu Mayngepa mpo-
crpancrsa Kana-Tépcrona nis 2-mepHoro fucka D2
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ITar 0. Cravasia Mbl UMeH HYJIBMEPHBI OCTOB, COCTOAIINIA n3 3 BepiuH L =
{[0],[1],[2]}. B sToMm ciryuae Komyc siBiIsieTcsa obbeanaenneM Tpéx orpeskon: C'L =
{[3,0],[3,1],[3,2]}. Koncrpykiust Kana-Tépcrona T'L coBuajér ¢ L u npocrpas-
cro UL conanér ¢ C'L. Orobpaxkenne nap t : (UL, TL) — (CL, L) 6yaer Toxe-
CTBEHHBIM.

IMTar 1. [pukienm l-cummieke o = [0,1] K KoMmIutekcy L U mojyduM KOM-
mieke K. Torya Cdo Gyaer «porom» [3,0] U [3,1], t71(Cdo) = [3,0] U [3,1], u
t~1(0o) = [0] U [1]. Buaunr, TK = TL LUi(ay) t(Cdo) = [3,0] U [3,1] U [2] —
9TO 00beIMHEeHNe IBYX OTPE3KOB U TOUKH, HPU4IEM Ipu orodbpazkeHun t : TK — K
BepinHa [3] orobparkaercs B cepejiuny orpeska [0, 1].

1 3

L=TL= L—UL—
0, o2 ch=U o/[\2

1

ITpocrpanctso X = tH(C00) Ly-150 t(Coo) = [3,0] U [3,1] U [3,0] U [3,1]
— 910 OKpyKHOCTD K (Z,1).

anee, MBI TOJKHBI TPUKJIenTh K o0Obenunenue UL U T'K k npoctpanctBy X.
B pesyabrate moyauTes:

ULUTK =

Komiuteke CK OyzeT BBINISIIETH TaK:
CK = 2
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Teneps HykHO NpUKJIENTH K 1mpoctpanctBy UL v T K tmimaap oTobOparkeHust
X ~ K(Z,1) — K(Higy, 1), n mbl nosyanm mpocrpanctso UK.

Orobpaxenne t : TK — K Oyuner orobpaxars komiieke K (Higy, 1) B 6apu-
nentp [4] tpeyrosbruka [0,3,1]. Ilpu 9ToM TrpaHu «IpU3MBI», MTPUMBIKAIOIINE K
croporam [3,0] u [3, 1] orobpassarcsa na tpeyroibauk [4,0,1]. e apyrue rpamu
«IIPU3MbI», TpuMbIKatote K orpeskam [0, 3] u [3, 1] orobpassitcst Ha TpeyroJbHUKHI
[4,0,3] u [4, 3, 1] coorBeTcrerHo.

O6o3HaunM /151 YA00CTBa JabHEHIIero n3/10sKeHust MoJIy YUnBIIeecst 00pa3oBaHne

33 A =UK.

ITar 2. Ilepeobosnaunm mosrydeHHyo mapy Komiuiekcos depe3 (UL, T'L) u 6y-
JIeM [IPUKJIenBaTh cjejytoruii 1-cumiiexce 1, 2].
[Toka MBI UMeeM TaKue JaHHbIC:

[Ipocrpancrso T'K Gyzaer npejacrasiaats coboro [0, 1] u [3”,1] u [3”,2] u Gyzxer
orobpazkarhcs B K, ornpasisis Touky 3" B GapuiienTp orpeska [1,2]. B kauecrse

26



npocrpanctea UK Oyjier Boictynarh o0beuHenue orpeska [0, 1] u npocrpancrsa ¢
JBYMsI CKJIeeHHBIMI KolusaMu A, npuaém Bropast Konust A OyJaer moJKJIenBaTbcs K
«pory» [3,2] u [3,1].

ITar 3. [Tpuksenm Tperbe pedpo [0, 2]. B pesynbrare, k U L o ik/1enTcest emé o/i-
Ha KOIINs IIpOCTpaHcTBa THia A ¢ mporuioro iara, HO y2ke K pory [3,2]u |3, 0], Tak-
x)e K UL nogkyenrest orpesok [1,2]. Tlpocrpancrso Kana-Tépcrona oymer [0, 1] U
[1,2] u [3",2] U [3",0] — okpyKHOCTD.

ITlar 4. [Mogxieiika AByMEpHOH KJIETKH K I'DaHUIE TPEYroJabHUKA. KoMIniekce
TA? Gyner npencTaBIATh coOOi TpH 06pa3oBaHua Tuma A, CKICeHHBIX BIOIb TPEX
poros ¢ obmieit Beprumuoit [3] um ocrambabivMu Bepmmuamu [0], [1],[2]. TIpuseném
3JI€Ch CXEMY PACIIOJIOKEHUS «POrOB»:

Kak ycrpoeno oroopaxkenue t : T'K — K7 Konyc Haj rpaHuneii TpeyrojibHu-
ka [0,1,2] ¢ Beprmunoit [3] nepexomur B Tpeyroiabauk [0, 1,2] Tak, 4ro BepiimHa
[3] orobpaxkaercs B GapurienTp TpeyroibauKa [0, 1, 2], a ocTasbHble BEPITHHBI KO-
Hyca [epexoIdT TOXK/IeCTBEHHO B BEPIINHBI 3TOr0 TpeyrojbHuka. Ha apyrue Touku
9TOT0O KOHyca oToOpakeHue t mpojo/Kaercs 1o jnneiinocru. Ha kaxkmom ms3 Tpéx
OJIK/ICCHBIX IIUJINHIPOB OTOOparkeHue t yrke 3a/1aHo.

[Tosyuennoe npoctpanctso TID? nmeer B KadecTse dyHIaMeHTAILHON TPYIIILI
cBOOO/THOE TTpOoM3BeIeHre TPEX rpynn Xurmana Hig,. To ecTsb 1y1d cTaruBaeMbIx mpo-
CTpaHCTB KOHCTPYKInst MayH iepa 1aéT HecTarnBaeMble aluKJInIHbIe TIPOCTPAHCTBA.
DTO0 HAIJISAIHO WILIIOCTPpUPYeT ToT dakT, uro pyHkTop Kana-TépcTroHa He siBJsieTCsI
TOMOTOINIECKIM.

6.1 Baxxnoe ciieacCrBue: 3KBNBAJICHTHOCTDb KaTeFOpI/Iﬁ

B pabore [4] Kana u Tépcrona yTeep:xjiaercsi, 970 B KOHCTPYKIIMI BO3MOXKHO
n oOpaTHOe MocTpoeHne. A MMEHHO, MCXOJHOE MPOCTPAHCTBO X MOKeT OBbITh BOC-
CTAHOBJIEHO € TOYHOCTBIO 70 romoronnu u3 napbl (Gy, Px) mpu MOMOIIN ILTHOC-
koHcrpykinn Keutena, rine Gy = 7 (TX), Px = kermtX — HopmasbHas co-
BepienHas noarpymia Gy. To ects X = (G, Px)™.

Hamomuamm 311ech BKpaTiie IIoc-KoHCTpyKimio Keuiiierna. OHa IO3BOJISIET II0
JAHHOMY KOMILIeKcy X U JaHHOil coBepIeHHOil HopMasIbHO oarpymie P dyHia-
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MeHTa IbHON TpyIbl (X ) crpouth KoMmIiuieke X ¢ TeMu Ke TOMOJIOTHSMEI U C
youroit mogarpymnmoit P B dpyHIaMeHTAIbHON TpyIIIe.

A umenso, cymecrsyer mpocrpancrso X u orobpaxkenue i 0 X — X7, g
KOTOPBIX

i) mMeeT MeCcTo TOUHAsl MOC/Ie[0BATE/ILHOCTD
iy
1 >P—->mX)>mX") -1,

ii) ecsm rpymma m (X 1) meiicrByer Ha KOMMYTATHBHON rpyiine A, TO JIJist JIOKAJIb-
noii cucremnr A nag X u unpynuposannoii cucremor A* maj X romoMopdusm

i H(XT A) - H*(X; A") saBisiercst m130MOPhU3MOM.

Caencrsue (/1. Kan, V. Tépcron, [4]). Umeem mecmo sxeusarenmmuocmo ka-
mezoputl

Ho6W =942l

3decvy kamezopus Ho €W cocmoum us CW -komnaexcos u kaaccos 20Momo-
nut omobpastcenuti meoscdy npocmparcmseamu. Obsexmamu xamezopuy G P
cayotcam napve Juckpemmuwvix 2pynn (G, P), ede P — cosepuerhas HopmasvHas
nodepynna G, omobpascenus — zomomoppusmu, f : (G, P) — (G', P'), dan
womopwz f(P) < P', T' cocmoum usz mex moppusmos f : (G, P) — (G, P)
us Mor(4 %), wmo f: G/P =~ G'/P u f,: H.(G;A) = H.(G'; A) das 06020
G'/P'-modyan A.

Crema dokazameavcmea [3]. Dra SKBUBAJIEHTHOCTH CJIEJLyeT U3 TOIO, YTO KOH-
crpyknusa Kana-Tépcrona «obparHay Ioc-koHCTpyKinn Kpusiena. Mmeercst
CJIEIYIONIAst IuarpaMMa KaTeropuii 1 GyHKTOPOB MeXK/y HUMU:

HoJ Ho T Ho T
HO%W%HO%@H%@?%W%HO%@%%@
Ho()*

31ech

o & — xareropus nap (X, P), P < m(X), P coepiienna
o o/ & kareropus nap (X, P), P < m(X), X acdhepuano, P coeprienna
e 4 — kareropus nap (G, P), P < (G, P cosepiienna

[TepexojioM K MOAXOASAIIIM JIOKAJIU3AIMMAM MOYKHO JOOUTHCA TOrO, YTOOBI BCE
CTPEJIKU B JarpaMMe CTaju OOpaTUMBIMU, M TOIJA Mbl HOJYIUM IEIOYKY K-
BUBAJIEHTHOCTEl KaTeropuii, u3 KoTopoil Oyzer ciesoBarh TpedyeMoe. ]
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§7 I'pymmbi, cBOOOIHO JelicTByIOIne Ha aIMKJINY-
HBIX IPOCTPaAHCTBaX

PaccMmorpennbie Bblle YHKTOPHI JAOT HaJIEXK,1y Ha 000OIIeHNe TOHATHS yHU-
BepCaJIbHOIO paccjoeHns. A UMeHHO, JJjis1 JaHHOI Ipymmbl (G 3a1aUMCs IIOUNCKOM
ALMKJIMIHOTO, HO He CTsirnBaeMoro npocrpancTsa &G, Ha KOTOPOM JIMCKPeTHasI IPYII-
na (G jeiicTByer CBOOOIHO.

EcrecrBennocth ¢yHkTOpa popa mapajia HaJIexKy Ha TO, YTO OH I[IE€PEBOJIUT
HAKPBITHST CUMILIUIMAIBHBIX MHOKECTB B HakpbIThdA. Jpyras runoresa cocrosdia B
TOM, YTO KOMIIO3UITUS AX — X — X sasngercs HAKPBITHEM.

OjiHaKko 00e 3TU TUIOTE3bI HEBEPHBI, TTOCKOJIBKY UMEET MECTO CJICJIYIoIee

YrBepxkaenune 11. Ecau EG — BG — G-naxpumue ¢ 20M0A02UNECKU MPUBUAND-
nom EG, mo BG umeem marue oice 20M0A02Ul ¢ KOIPHUUUEHMAMU 6 MPUCUAND-
nom G-modyne 7., xax u BG.

Joxazamesvcmeo. PaceMoTpuM crieKTpaJibHYIO TTocjeioBaTesbHOCTh KapTana-Jlepe
H,(G;H,(EG)) = H.(BG).
Omna BBIPOXKIAETCS BO BTOPOM UJIeHE, TIOITOMY
H,(BG) = Hy(G; Hy(EG)) = H,(G;Z) = Hy(G).
[Tocsiesinee paBeHCTBO BEPHO B U1y TpuBHabHOCTH GG-MOJLyJIst Z. ]

[Tocsie yero Bo3HUKIIA TPETbS THIIOTE3a, CBI3aHHas yXKe C IMpUMeHeHneM (DyHK-
topa Kana-Tépcrona: ecim X — X spisiercss yHuBepcaJibHbIM (G-HAKPBITHEM, TO
TX — TX apisercss G-HaKPBITHEM.

88 Kiaccudunupylonie nmpocTpaHCTBAa MOHON 0B

Kax Mbl 3HaeM, 110 Ji000i JuckpeTHoi rpyime G MOXKHO HOCTPOUTDH KJiaccuu-
nupyrolree npocrpancTso BG, pacecMoTpeB Oap-KOHCTPYKITHIO.

Ho moxkuo mnoctponth BG Kak peajinsaliio HepBa HEKOTOpOil kareropum. A
NMEHHO, IIYCTh ¢ — KaTeropusi, COCTOMINAs U3 OJHOTO 00beKTa U MOP(U3MOB, CO-
OTBETCTBYIOIIIX 3j1eMeHTaM rpymibl GG. HepBom KaTeropun & Oyner siBIATHCS CHM-
IJIAIIAILHOE MHOYKECTBO, N-CUMILIEKC KOTOPOTO ABJISIET COOOM MOCIeI0BATETHHOCTE

g1 g2 9n
o > 0> e — ... —> e —e
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Omnepatop rpanu d; Oy/ieT CONOCTABIATH JAHHON MOCJ/IEI0BATEILHOCTH CJIE/ LY OILYIO:

g1 9i+19i 9n
e >0 — ... .—>e —> e— . ..—>e—e
OTO6pa>KeHI/Ie BBIPpO2KJACHUA S; 6y,ZLeT BCTABJIATHL HA MECTO 17 TO}K,ZLGCTBGHHblﬁ MOP-
(bI/ISM7 COOTBeTCTByIOHH/Iﬁ €IHUIE I'PYIIIIbBI.

ITpeniioxkenune 2. LBap-konecmpykuyus 0as G U 20MEMPUNECKAA PEAAUSALUA HEPEA
IN(9)| nocmpoennoti svwe xamezopuu G 20meomopgioL.

CuMILIMIAJIBHY 0 KOHCTPYKIUIO KJIACCH(MUITIPYIOIIETo IIpocTpaHcTBa 6e300/1e3-
HEHHO MOXKHO TIepeHecTH Ha cjydaii jrodoro mononga M. Ho B aTom ciydae He cire-
JIyeT OyKuJaTh, 90 BM Oyjer ¢j1abo TOMOTOIMIMYIECKN KBUBAJIEHTHO ITPOCTPAHCTBY
K(G,1), rie G — HEKOTOpasi IUCKPETHAsT IPYTIA. JTO CJIEILyeT U3 TaKOTO 3aMeda-
TEJILHOI'O Pe3ysIbTara;

Teopema 15 (D. McDuff, 1978, [10]). Jlo6oe aumnetino cesasroe npocmpancmeso
CAGOO 20MOMONUMECKU IKBUBAAECHMHO KAaCCUPUUUPYyowemy npocmparcmsy BM
Hexkomopozo duckpemmo2o monouda M .

MoxKHO 3a/1aThCsT BOIIPOCOM O TOM, B Kaknx ciaydasax Bcé ke BM ~ K(G,1).
EcrecTBenno oxkujiaTh, 9T00bI I'pyIina GG Obljia B HEKOTOPOM CMbICJIE OJIM3KA K UCXO/T-
Homy MoHouay M. JIjst 1:000ro MOHOMIA MOYKHO ITOCTPOUTH TaKyl0 YHUBEPCAJIbHYIO
rpymiy G, U oHa HasbIBaeTcst 2pynnogurayuet mounouja M. Paccmorpum cBoOO/I-
Hyto rpyuny ', HaTsgHyTYIO Ha s71eMeHThl MoHouia M 1 (hopMaIbHO 0OpaTHbIE K HIM
n npodakTopuszyeM I' 1o HanmMeHbIIelh HOpMaJILHO rToArpyIie N, cojepzkalieii co-
OTHOIIIEHNS BUJIA TY = Z, €CJIM TAKOe PABEHCTBO MMEJO MECTO B UCXOTHOM MOHOU/IE
M. Torna I'/N naswbiBaetcst rpymmnodukarmeii mononaa M.

Onpenenenune 10. ['pynnodukarmeit monouga M HazbiBaeTcs Takas rpymmna G c
TOMOMOMOP(U3MOM 0, UTO I Jitoboit rpynnsl H u Jjioboro romomMopdusma iy :
G — H cymecTByeT eJuMHCTBeHHBIH roMomopdusm [ : M — H, 3aMbIKaiomnii
IuarpaMMy 10 KOMMYTaTHUBHOIL:

M-—2-G

|
f\J“’

H
ITpumep 3 (A. Masbues, 1937, [11], [12]). Pacemorpnm cBobommblii MOHOUT

F ={a,b,c,d,x,y,u,v)

u ero akrop M 1o oroxjecrsienusiv (ax, by), (cx,dy) u (au,bv). Majbues noka-
3aJI, 9TO cu # dv u 4To MoHouJ M HecokparmaeMblit. OTKy1a mnojydaercs, 1ro M
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HeJIb3sl BJIOZKUTL HU B KaKylo IpyIily, nHade 6buio 6bl: [d 1c| = [yz™1] = [b~ta] =
[vu™t]. Bnaunr, [cu] = [dv]

DT1OT I[IpUMeEDP IMOKa3bIBa€T, 9TO HE BCeEl'la MOHOMI BKJIAQJAbIBA€TCA B CBOIO I'DYII-
HOCbI/IKaU;I/HO. O,D;H&KO B HEKOTOPLIX C/Iy4dasdX BJIOZKEHNE MMEECT MECTO!:

YrBepxkaenue 12. Omobpasicenue 6 2pynnopurauuro KoMmMYymamueHo2o CoKpa-
Waemo20 MoOHOUAL ABAACNCA BAONHCEHUEM.

3/1eCh TI0JT COKPAUaeMviLM MOHOUAOM TIOHUMAETCsT Takoit monou M, B KOTOpOM
U3 Ty = Tz CIAeAYeT, 9TO Y = 2 U U3 YT = ZT CIeJYeT, 9To Yy = 2.
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